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FRINGE THOUGHT: Junk is something you keep a long time, then toss away a week before you need it.

HAPPY NEW YEAR!!!!!!
Among the many things people do as the New Year
arrives is to think about the changes they would like to
make and many create a New Year’s Resolution. Many
years ago my school district asked us to write a
Professional Growth New Year’s Resolution. Each of
us wrote something on a plain white piece of paper,
folded it, placed it in an envelope, sealed the envelope,
wrote our name on the front of the envelope, and
handed it in to our Principal. We also kept a copy of
our New Year’s Resolution so we could be mindful of
what we wanted to change. The envelope containing
our New Year’s Resolution would be returned to us
near the end of the school year in late May to remind us
to see if we had accomplished what had been written in
our resolution.
Although I no longer remember the exact content of
my resolution, I do remember that it involved what I
wanted to change in my teaching practices to improve
the quality of mathematics education my students
received in my classroom. Having kept my resolution
and enjoying the process in doing so I decided to make
another New Year’s Resolution, but this next one
would be my New School Year’s Resolution. So, for
over thirty years I made a resolution during the summer
containing several main goals to meet in what was to
become my personal annual professional growth
resolution. The goals remained structurally the same
every year, but the specific aspect of that structure
changed each year giving me something just a bit
different from any other year.
One of the goals I had each year was to choose a
new practice or unit lesson activity to implement in my
classroom each year that would enable me to provide
opportunities for my students to gain understanding of,
knowledge of, and greater success in mathematics. The
practices and activities that worked well were kept and
used every year that followed.
For example, some years ago I was privileged to be
one of the presenters of the very new Standards
Aligned System (SAS) at one of the last Governors
Institutes held in Hershey, PA. One of the Keynote
speakers discussed a very new concept called
Formative Assessment. This so captivated me that
when the new school year began and one of the choices
for our professional growth was to form a Professional

Learning Community Book Study Group I offered
to facilitate one on Formative Assessment. Our
PLC group read and discussed the book Checking
for Understanding: Formative Assessment
Techniques for Your Classroom by Doulas Fisher
and Nancy Frey. Our intent was twofold: First,
together we discussed why raising student
achievement is important, why formative
assessment should be the focus, and what formative
assessment is. Second, together we created a list of
specific exemplars of formative assessment that can
be easily used daily in the classroom to obtain
evidence about student learning to adapt teaching
and learning to meet student needs, which will
result in student understanding and success. We
created a listing of various formative assessment
techniques and implemented them in our
classrooms as we read each chapter. We read two
chapters every month, discussing the chapters and
implemented the techniques in our classrooms
between PLC meetings. We tried many different
formative assessments, choosing from them ones
that seemed to best suit our teaching style and the
needs of our students as permanent techniques to
use within our instruction on a daily basis that
refined classroom practice. We used formative
assessment to a greater extent than we did before to
engage the students and used the data we obtained
to influence the teaching of future lessons.
Utilizing formative assessment in the classroom
allows the teacher to establish where the learners
are in their learning, where they are going, and
daily working out how to get there. The short term
benefit is that students are engaged in learning and
the teacher is cognitive about the learning taking, or
not taking, place. Students learning is being
monitored and instruction is adjusted daily as
needed to ensure that students are understanding
and achieving. The implementation of formative
assessment activates students as owners of their
own learning and resources for one another. We
concluded our book study with a list of formative
assessment techniques that were sent electronically
to the entire high school staff and was saved on the
school R drive for staff reference.
One of the first formative assessments that I
used in the classroom was “STICKS.” Craft sticks
(wooden Popsicle sticks purchased in craft stores),
one for each student in the class with his/her name
written on the stick, and the period if using for

FRINGE THOUGHT: Education is a wonderful thing. If you couldn’t sign your name, you’d have to pay cash.

more than one class, are placed in a cup. As the
instructor asks questions during the class discussion a
stick is pulled out of the cup and the student whose
name is on the stick is asked to answer the question.
When the student answers the question the stick is
placed in a second cup and the process is repeated
until all sticks have been taken out of the first cup
signifying that every student has been randomly
chosen to answer a question/offer input into class
discussion. When a student is called upon by his
stick being chosen from the cup he/she may opt to
“pass” from answering the question. Their stick is
replaced into the first cup with the knowledge that
they will be called on again to be engaged in the class
discussion. If there are more questions than students
the sticks are used again within the same discussion.
The attentiveness of students multiplies in this case
knowing they may be called on more than once. I
started using this formative assessment in one of my
Algebra 1 classes to become comfortable with it. At
first it felt awkward and I had difficulty using the cup,
eventually I put the cup on my desk for storage of the
sticks and transferred the used sticks to my other hand
or put them in a pocket in my clothing I was wearing
that day. As I became comfortable with the sticks
and saw the positive results in their use I quickly and
easily began using them in all of my classes within
just a few weeks. When using the sticks in class it
became very clear that my students were much more
attentive and they seemed to have a greater
understanding of the concepts being discussed. In
addition, I was able to audibly hear all of my students
thinking and knowledge in the discussion. Sticks
were used in the classroom at least once each week. I
remember one day having the sticks in my hands
when the students were entering the classroom. One
of my students said in a very discouraging way, “Oh
no. Not the sticks again!” In concern I asked them
why they did not like the sticks being used in class,
concerned that I was hindering progress and a
positive relationship with my students. The student
said, “When you use the sticks it means I have to pay
attention!” WOW!!! Isn’t that what I wanted in part?
I was inwardly shouting, YES, YES, YES!!!!!!!!!!
Every year after that, “STICKS” were used regularly
each week in every class I taught. This is what I was
previously describing by my statement, “The
practices and activities that worked well were kept
and used every year that followed.”
If I could give you one piece of advice it would be
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to start small with change and build on it. Just as I
tried “STICKS” in one Algebra 1 classroom and
eventually used them in all of my classes every year I
taught. Try something new with one class and
expand to other classes once you have mastered the
new tool and gained confidence in using it. Take the
chance and be an educational risk taker trying new
and different practices which you have yet to
embrace, adding them to your teacher tool box.
Continue to grow and be a lifelong learner. If
possible find a colleague whom is interested in doing
similar things and work together as sharing ideas and
discussion is beneficial to success. I challenge each
of you to move out of your comfort level and try
something new and different, make a “New School
Year’s Resolution” even though it is midyear.
Consider attending the PCTM 2016 Annual
Conference to be held at Seven Springs Mountain
Resort, Seven Springs, PA on August 4-5, 2016. The
Speaker Proposal Form is online and registration
information will be coming in the next few months. I
hope to see you there.
Take care and have a wonderful New Year!!
Sincerely,
Marian E. Avery
PCTM President
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Program Highlights
Keynote addresses by our own renowned scholars in mathematics education, including:
Christopher Brueningsen, The Kiski School
Peg Smith, University of Pittsburgh
Rose Zbiek, Penn State University
Panel discussion by representatives from the PA Department of Education
Designated sessions and activities for Pre-Service Teachers
Sessions and workshops for Teachers of Math, Pre K-16
PCTM One-Read book discussion meeting
Awards ceremony recognizing outstanding teaching at all levels from across the state
Meals, functions, and social activities
Speaker Proposals Do you have a great activity or lesson you do with your students that you would like to
share? Speaker proposals will be accepted from Jan 1st to Mar 14th, 2016.

Conference Registration Rate
Early bird registration
Member/non-member
Regular registration
Member/non-member
Speaker Registration
Member/non-member
On-site registration
Member/non-member
Important Dates
Jan. 1st to Mar. 14th 2016
April 15th 2016
May 15th 2016
June 15th 2016
July 4th 2016
July 27th 2016
August 4-5th 2016
PCTM Magazine

Conference Location
Seven Springs Resort
$70/$85
$85/$100
$40/$55
$100/$115

Conference room rates
(includes a bountiful breakfast buffet)
1 person $157
2 people $175
3 people $193
4 people $211

Submission of presentation proposals
Speakers will be notified on acceptance of proposals
Speaker registration deadline in order to appear in program
Early bird registration deadline
Hotel registration deadline
On-line registration deadline
PCTM Annual Conference
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FRINGE THOUGHT: A good neighbor is one who paints his side of your fence.

After this past summer’s successful conference, we hope you will join us for
the second annual PCTM Summer Conference.

Tips and Resources for the Flipped or Blended Classroom

FRINGE THOUGHT: Focus only on the things you can control.

Anthony Boyer
People in the field of education are familiar with the current push for integration of technology in the
classroom. Flipped and blended classrooms continue to be at the center of discussions on adapting pedagogy
to meet the diverse needs of today’s learners.
The flipped classroom involves video lectures and lessons recorded by the teacher or gathered from
online resources and assignments that assess the comprehension of the knowledge and skills presented in the
videos. The classroom becomes “flipped” when teachers assign to their students the video lessons – direct
instruction – for completion at home and the formative assessment – typically a worksheet in mathematics – is
completed in class. This allows the teacher to observe students completing the assignment and immediately
address misconceptions or questions. Additionally, it provides the teacher the opportunity to diversify these
assignments and the learners with the opportunity for collaboration and discussion in the classroom, which
promotes active problem-solving.
The blended learning model is an umbrella term for a variety of teaching models that blend the traditional classroom experience with a more technology-based approach. This could involve video lessons being
utilized in the classroom at the teacher’s discretion, possibly only for a particular group of students, or perhaps
as a station that comprises only a portion of in-class time.
The effectiveness of these models is still debated, with much research being conducted to compare and
contrast the achievement of student learning in flipped or blended models with those learning in more
traditional face-to-face lectures. Similarly to most aspects of education, the learning environment, unique
needs of students, and the facilitator determine whether or not success will be found with the flipped or
blended model.
I teach Algebra I in an urban charter school that services about 200 students in grades 6 through 12.
Students are not placed into classes in a “track” system, so the needs of the students in my classroom tend to
vary. In an effort to prevent my advanced students from becoming bored and my learners requiring more
attention from becoming disengaged, I decided that I wanted to attempt a flipped classroom model for my
students. I had first read of the flipped classroom model in a class on diversity in the classroom during my
graduate studies at Neumann University. After a quick survey of students, however, I discovered that many of
my students had limited access to the internet, which would provide quite the obstacle for a fully flipped
classroom. Still motivated, I decided to search the internet to see how other schools and districts addressed
these problems. I found that, simply, the teacher has to find what works them and their students. I decided
that I would implement video lectures in my classroom and change my homework assignments to provide less
“drill-and-kill” and more error analysis, reflection, and explanation.
My 2014-15 students’ homework completion, class grades, and the questions they asked in class all
improved, and they experienced tremendous growth according to PVAAS statistics. All classroom
management issues eventually vanished. It wasn’t a flawless transition, but the students were fully committed
to trying this new model, and it brought me great joy to see them so engaged and have to communicate with
more of them on an individual basis daily. I have compiled the following tips to help teachers who are
interested in trying the flipped or blended classroom models.
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FRINGE THOUGHT: What makes you tick sometimes needs rewinding.

Get input from your students – A smooth transition from a traditional classroom setting to a flipped/
blended setting will depend greatly on the students’ willingness to try something new. The teacher
should explain to them exactly how he/she plans to use the new model and assess their interest in
participating in it. I found it helpful to offer reluctant students the opportunity to have a trial run for
one week and evaluate after that week. I also offer to provide face-to-face direct instruction just like I
would in a traditional model to any students who do not want to learn in a flipped/blended classroom.
The teacher may even find success, at the beginning, by presenting one lesson a week in the flipped/
blended style to compare and contrast.
Use as many of the great, free resources available as possible – There are many free resources that can
assist the teacher in starting their blended/flipped model. For recording my videos, I use my PC’s
built in webcam and a free software called Screencast-O-Matic. The free version suits my purposes,
but the teacher may prefer the paid version which provides more options, greater recording length,
and video hosting. I display my lessons using the free version of the ActivInspire software, as my
classroom is outfitted with an ActivBoard, but one does not need to have an ActivBoard to use the
software, allowing for recording of videos in places other than the classroom. I found writing to be
difficult with a mouse or track pad, so I purchased a Wacom Tablet, which is often used by artists
who create digital art. I also purchased a wireless USB receiver for the tablet so I can write on the
board from any place in my room, and allow students to use it for “warm-ups,” on the days we have a
direct instruction lesson, group problem solving, etc. For hosting my videos I use EDpuzzle. This
free website allows teachers to upload their own videos or choose from
the public library, YouTube, Khan Academy, and several other sites.
Then, teachers have the option to crop videos, insert multiple choice or
open-ended checks for understanding, and even record voiceover notes. This gives students access to
their lessons anywhere they can connect to the internet. No longer is a student forced to stay after
school to catch up on a missed lesson. The teacher can prevent students from skipping to the end of
the video, and student responses are sent immediately to the teacher’s account for grading or
commenting. Another benefit of EDpuzzle is that students can log in using Edmodo or Google
accounts. I use Edmodo because the user interface is student-friendly,
and it allows me to upload digital copies of notes and assignments,
external links to additional help, provides students the opportunity to
discuss the assignment with me or other classmates while they’re not in the classroom, and create
digital badges to reward students. Another great resource for using more technology in the classroom
is Kahoot!, which promotes friendly competition in the classroom by having students complete
timed multiple-choice questions by matching what they think the correct
answer on the board is to the corresponding shape and color on their computer
or cell phone screen. The faster students answer, the more points they receive,
but an incorrect answer rewards zero points. It has a useful discussion tool as
well. Using the same or a similar Kahoot! can provide an informal pre-test and post-test that teachers
can use to track progress by exporting results into spreadsheets. The spreadsheets even provide item
analysis by student so teachers can identify strengths and areas that require more time.

FRINGE THOUGHT: A narrow mind plus a wide mouth equal trouble.

Gamify the classroom to incentivize learning – Gamification has been gaining steam steadily in the
business world since its inception. This concept provides incentive for completing tasks that aren’t
necessarily games in their pure forms and rewards those that complete the tasks with points, trophies,
badges, etc. sometimes that can be exchanged for prizes and other times simply for bragging rights.
Because so many of my students play video games, I have modeled my incentives to be similar to the
achievements and trophies systems from popular gaming consoles. This is a four-tier system (Bronze,
Silver, Gold, Platinum), and all achievements are categorized by perceived difficulty, each with a
unique, custom Edmodo Badge that I created. This is a great way to track who has already completed
an achievement as well, so that the same student with perfect attendance every week isn’t getting a
piece of candy every Friday. An effective system will have badges that seem “easy” to achieve, but
may be a challenge for some students (i.e. “Complete an entire week with perfect attendance”), and
ones that will motivate even the most academically-inclined and advanced students (i.e. “Finish a
marking period with a 100%”), with a variety somewhere between the two extremes. Offer one-time
achievements to keep things fresh (i.e. “Get the high score on today’s Kahoot!”). Bragging rights or
the desire to be a “completionist” may be enough to motivate some students, but I
allow students to choose a physical reward for completing
achievements as well. The higher the difficulty tier of the
achievement, the more valuable the prize, ranging from fun size
candy or pencils, to gel pens and sharpies, to local university
“swag” like t-shirts and cups.
Have a plan from start to finish before beginning – It is impossible to foresee all of the challenges that
the teacher will have (forgotten usernames and passwords, internet outages, etc.), but having a “Plan
B” for as many situations that can be imagined will help avoid stress when none of the students can
access their lesson for the day, and the teacher has to scramble to keep 24 teenagers occupied. For
example, I always have the lesson open on my board software, ready to go, just in case the EDpuzzle
servers go down, or our IT team is performing unexpected maintenance.
Have an “out” for students who are unable to complete their videos in class – The beauty of hosting
lessons on EDpuzzle is that students can watch the videos on their cell phones, tablets, or computers.
When a student takes longer than expected to complete a video, they can catch up on their own time,
but this brings us back to the problem of students lacking internet access at home. To combat this, I
allow students access to my PC lab before school, during lunch, and after school. If the teacher
doesn’t have this luxury, he/she will have to find some way to allow students to access their online
lessons or provide face-to-face direct instruction at some time.
Talk to administration about the format of lesson plans – At my school, teachers submit their lesson
plans weekly. The change in my classroom model required me to change the format of my lesson
plan, which had to be approved by the administrator who reviews them. Inform them of the plan to
flip or blend and find out how they would like plans to be submitted.
Be fully committed – The startup for implementing a flipped or blended model can be time-consuming,
especially if a teacher is building it from scratch, are new to the resources, or plan to gamify. The
teacher can avoid a substantial amount of frustration if he/she has a complete plan before letting the
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students loose. Summer or winter holiday breaks are great times to build the new classroom and allow
the teacher to test it by experiencing it from a student perspective. There will be challenges and
resistance, but the experience can be very rewarding for the students and the teacher.

Call for Nominations for the PCTM Board
Dear PCTM Members:
The Nominations & Elections Committee is soliciting nominations for the PCTM Board. The term
runs from July 1, 2016 to June 30, 2018. The election will take place in early March 2016. The slate of
candidates will be approved at the February 20th, 2016 board meeting. Please self-nominate or
nominate a colleague (with their permission). Also, please submit a brief bio and a photo with the
nomination to Lynn Columba. Nominations are due by January 31, 2016.
There are openings for the following positions on the PCTM Board, which are all two-year terms
include:
Treasurer
Delegate at Large
Eastern Regional Representative
Central Regional Representative
Western Regional Representative
Please contact me if you have any questions at hlc0@lehigh.edu.
We look forward to your enthusiastic participation as candidates in this
year's election.
Best Regards,
Lynn Columba, Chair
Lisa Allen
Tom Evitts
PCTM Magazine
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FRINGE THOUGHT: It used to be that a fool and his money were soon parted. Now computers assist us.

Anthony Boyer is the STEM Coordinator at La Academia
Partnership Charter School in Lancaster, PA. He received a
B.A. in Mathematics from Immaculata University, a M.S.Ed.
from Neumann University, and was the recipient of the IU 13
2014-15 Secondary STEM Teacher of the Year.

Galileo, Angles, and the Military

FRINGE THOUGHT: Don’t agonize. Organize.

Lara Dick
On a backpacking trip in Italy, my husband and I were excited
to find an exhibit of Galileo’s discoveries at the Institute and Museum
of the History of Science in Florence. We knew that Galileo is most
well-known for inventing the telescope and discovering that the earth
revolves around the sun rather than around the earth, but had not
realized the extent of Galileo’s mathematical exploration that
eventually led him to the telescope. You see, before he delved into
astronomy, Galileo had to learn all about angles.
Galileo began his work with angles by conducting a series of
experiments with objects sliding down inclined planes at different
angles (Figure 1 contains Galileo’s drawings). This work eventually
led Galileo to begin a study of projectile motion. He was the first to
Figure 1. A drawing by Galileo.
explain that the path of an object projected into the air is an upsidedown parabola (Lewinter & Widulski, 2002).
Galileo’s work with projectile motion led him to redesign what we know today as a compass. His
Geometric and Military Compass, which according to the Museo Galileo is “a sophisticated and versatile
calculating instrument for performing a wide variety of geometrical and arithmetical operations, making use of
the proportionality between the corresponding sides of two similar triangles,” may be seen in Figure 2. Galileo
recognized the significance of his work with angles and projectile motion and took his newfound knowledge to
the military. He developed a user manual of sorts (see Figure 3) and sold the compasses to military
commanders. Galileo showed them that the maximum range of their cannonballs were obtained when the
angle of the cannon was 45 degrees. He helped them understand that an angle of 30 degrees and an angle of 60
degrees will result in the same range though produce a different trajectory. These findings along with
Galileo’s compass greatly improved the troops’ cannon accuracy as well as their ability to survey
battlegrounds.

Figure 2. Galileo’s Geometric and Military Compass.

Figure 3. Galileo’s user manual for using a compass.
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So, what can we do with this information? As you introduce the compass as a measurement tool, let
students know some of its history. Have them develop experiments of their own to show how different angles
effect an objects trajectory. Anytime we as teachers can make historical and modeling connections, we peak
our students’ interests and provide them with the WHY we have to learn this.
Happy Compassing!

Lara Dick is an Assistant Professor in the Math
Department at Bucknell University

Submit A Proposal to speak at the

Online registration is now open for
submission of proposals for:
20 minute burst sessions
45 minute sessions
75 minute workshop sessions

You will need to submit:
Title of presentation (10 word maximum)
Description of presentation (45 word maximum)
Learning outcomes (15 word maximum)
Workshop activities (for workshop presentations
only—60 word maximum)

The online Call for Proposals is open from
January 1st until March 14th, 2016.
Submit a proposal here.

Please distribute this call among interested colleagues! If you have any questions in the meantime, please contact Cynthia Taylor or Tyrone Washington.
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FRINGE THOUGHT: If you live by the calendar, your days are numbered.
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PSSA Update: Scoring Open-ended (OE) Items on the PSSA and
Constructed Response (CR) Items on the Algebra 1 Keystone Exams

FRINGE THOUGHT: An aim in life is the only fortune worth finding. –Robert Louis Stevenson

Charlie Wayne
Every year students in grades 3 through 8 across Pennsylvania take the Pennsylvania System of School Assessment
(PSSA) exams. For the mathematics part of the PSSA, students are administered 72 multiple choice (MC, or SR for
“Selected Response”) and 4 open-ended (OE, or CR for “Constructed Response”) test questions, or “items” as they are
called when they are on tests. Of these, 60 MC items and 3 OE items count toward the score each student receives. The
others are field test (FT) items. Field test items are items that are newly written and being tested to see if they are good
test items. Field test items do not count toward a student’s score.
After testing is complete, the Pennsylvania Department of Education (PDE) and Data Recognition Corporation
(DRC), the State’s testing vendor, convene a committee of Pennsylvania educators to examine the open-ended FT items.
The committee is charged with refining the scoring guideline, or rubric, for each item and with determining the range of
responses that fall within each score point. The name of the committee is the “range-finding” committee.
The “range of responses that fall within each score point” may require some explanation. Let’s start by looking at a
score of 4, the highest score possible on a math OE item. Some responses are exemplary. They include every detail we
can hope for in a response. It is clear, easy to follow, neat, and, of course, correct. These are the types of responses that
you want to hang on your wall as examples of what to do. Some responses are sloppy, harder to follow, not well-written,
but still correct. This type of response is not one you would typically want to hang on your wall as exemplary, but it will
still get a score of 4. In other words, there are strong 4s and weak 4s; a range of responses will get the same score.
Now let’s look at a response that gets a score of 3. Something is not correct or is missing in this response. But what
and how much? Within an OE item there are typically several parts. Each part can ask for an answer, work, an
explanation, all three, or something else. In order to get full credit for that part of the item, the response must include
everything for which the question asks. Often if work or explanation is required, the response can get partial credit if it
includes some correct work or explanation but not all of it. This is usually worth ½ point. If everything else is correct,
that response will get a total score within the item of 3 ½. Responses that earn a total of 3 – 3 ½ points on an OE item get
a score of 3 on that item. It did not earn a score of 4 – something is incorrect or missing – so we truncate to a 3 (see
Table 1). There is a range of student responses that will earn a score point of 3, especially if parts of the OE item allows
for partial credit. The range-finding committee decides what this range is by deciding which responses get credit and
which ones do not. There are strong 3s and weak 3s. The concept and process is similar for all other score points. Note:
For more explanation about this, see the paragraph below having to do with “some” work or explanation.
We never have OE items where it is possible to earn ½ point (partial
credit) in only one part. Suppose we do. Suppose an item does have only
one place to earn a ½ point. Let’s further suppose a response earns that half
point (i.e. does not get full credit for that part) and gets full credit for
everything else. That would yield a score within the item of 3 ½, which
would truncate to a score of 3 on the item. That is, the total score on the
item would not change by allowing for partial credit in only one part of an
item. If a student would have earned only that half point we can award 1
point on the item for “Minimal Understanding.”
Minimal Understanding is defined as: If a response gets no credit at all
(i.e., a score of 0), we can look at the response to see if it shows any
understanding of the concept being tested. If it does, we award that response a score of 1 for Minimal Understanding. If
a response would have earned ½ point for partial credit on an item where partial credit is not available that response
would most likely be given 1 point on the item for Minimal Understanding.
What follows are some specifics about how to score the responses to OE items. It is important to note that we can
only score what is provided as a response. We cannot make any suppositions about the response or the student’s
knowledge or intent. It is also important to remember that we are scoring responses; we are not scoring students.
We have a document we use during range-finding called “Range-Finding Decisions.” This lists the guidelines, or
decisions, that have been developed over years of doing range-finding. They are strong guidelines for handling specific
situations, but they are not immutable and are dependent upon the item being scored. Some of those guidelines are
discussed below. Prior to our meetings, we discuss this entire document to see if any changes should be made. This
ensures the document, and hence the decisions, reflect the current state of education in Pennsylvania.
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e.g. 16
+7
23
is the same as 16+7=23
Similarly, if the prompt asks for an expression, the response must be an expression, not an equation.
Variables are often given in the prompt (e.g. the number of books sold, y, at price p). This is done so the students
know what variable to use. If the response does not use these variables, the variables being used must be defined. For
example, if the correct equation using the above variables is yp=180 and the response is bc=180 the response will get
full credit if and only if the student defines b and c as the number of books sold and the price of a book.
Units (and labels) are a “3-4 issue.” If the item requires students to give units, the response cannot get a score of 4 if
the units are missing or incorrect. At score points below 4, the missing or incorrect units are ignored. Very often units
are given in the prompt (the part of the item where test-takers are told what to do) so they are not necessary in the
answer. If more than one set of units is given in the response, they both must be correct to receive the highest score.
We often see students write something like “$.92 cents.” This is an example of two units, with one of them being
incorrect.
If the prompt asks for a number written in word form and the response uses the word “and,” full credit is given only
if the word “and” is used when referring to a decimal point. No credit or partial credit is given for writing 5,802 as
“five thousand, eight hundred, and two,” for example. This is “5,800.2.”
If Part A is blank but the correct and complete response to Part A is contained in Part B, the response will receive
full credit for Part A. However, if Part A is not blank, whatever is written is scored as the response to Part A. It must be
totally blank in order for the response to get credit for responding to Part A in a different part. The order of the parts
does not matter. An example for this concept is as follows. Suppose the prompt in Part A of an item asks for the
perimeter of a rectangle. In doing so the student also calculates the area of the rectangle. Part B asks for the area of the
same rectangle. If the student leaves Part B blank s/he will get full credit for calculating the area even though it was
done in a different part. The concept here applies to any part(s), not just A and B.
Students are given the benefit of the doubt as much as possible. If their language is vague, scorers try to give them
credit when they can. However, their language cannot be incorrect. For example, saying “I subtracted 5 and 9 and got
4” is vague and will receive credit. Saying “I subtracted 9 from 5 and got 4” is incorrect and would not receive credit.
When a prompt asks for an explanation for something, the response must contain some words. Showing something
is true by using numbers and symbols is not an explanation and will not receive full credit.
If two sets of answers are given, both must be correct to get full credit. For example, the prompt might ask for a
number given as a fraction. If the response is “3/12, or 1/3,” no credit will be given even if one of the answers is
correct.
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FRINGE THOUGHT: One today is worth two tomorrows. –Benjamin Franklin

When an item directs the student to “Show or explain all your work,” the response must contain “correct and
complete work” to get full credit. We ask students to “Show or explain” all their work so we can give credit to the
student who shows us what he/she did (i.e. numbers and symbols) and the student who tells us what he/she did (words).
If we only said “Show all your work” and the student said, for example, “I multiplied 6 by 3 and got 18.” That response
would get no credit because work wasn’t shown.
When we give partial credit for work or explanation that is “correct but incomplete,” we are giving credit for
“some” work or explanation. (It is the same concept for work as it is for explanation, so I will just focus on work.)
“Some” means “more than none and less than all.” We determine what work is required to be shown. If a response
contains one piece of that work, no matter how small we think that piece is, it gets credit for some correct work.
Similarly, if a response is missing that same piece it loses credit because not all work is shown. Both responses,
although on opposite ends of the spectrum of completeness, receive partial credit for work. (Notice the “range” of
possibilities for score points.)
Guess-and-check is a valid method for solving problems. For a response to get full credit for correct and complete
work when using guess-and-check, the response must contain at least two incorrect guesses. If the response does not
contain at least two incorrect guesses we do not know from where the answer came. It could have been a neighbor’s
paper. We also don’t know if other answers might be correct. Without containing at least two incorrect guesses, the
response would get full credit for the answer if it is correct but at most ½ point for work.
If the prompt asks for an equation, the response must be an equation, not an expression. The response might earn
partial credit for an expression but cannot earn full credit without providing the equation. Equations in vertical form are
fine.

FRINGE THOUGHT: Recall it as often as you wish, a happy memory never wears out.

Run-on equations are incorrect1. However, responses at lower grades2 may or may not be penalized for using them
since those students are just learning about equations. When a response by a student who is not at a lower grade contains
a run-on equation, that response will lose credit. This typically happens in the student’s work.
If a response contains an error in one part, say Part A, but the result of that error is then used correctly in another part,
say Part B, the response will be penalized only once for the initial error. For example, suppose in Part A the prompt
states, “Find the area of the rectangle.” Suppose the actual area is 24 sq. units. (The rectangle in this example is 8x3.)
The student instead finds the perimeter and gets a result of 22 “sq.” units. Part B states “Find the dimensions of a different rectangle that has the same area as the rectangle in Part A.” The student believes that “22” is the area of the rectangle
in Part A so she/he is looking for a rectangle that has an area of 22 with different dimensions than the rectangle give. The
response might be “L=11, W=2.” Based on the incorrect answer in Part A the answer to Part B is correct so she/he will
get full credit for Part B.
Calculator notation is not given any credit. Students must write their answer in a correct mathematical way, not just
copy what is shown on the calculator’s display.
Above are guidelines used to score OE questions. There may be times when one or more of them are not employed.
Each item is scored individually and may call for a deviation from certain guidelines.
1

A run-on equation is one that contains more than one equals sign and in which the left side does not equal the
right side. This often occurs when students are doing calculations and they have to use the result of one calculation as an input in another calculation. For example, the item might state “The length of John’s house is 48 feet.
The length of Mary’s house is 60 feet. What is the combined length, in yards, of John’s and Mary’s houses?” The
correct response would be “48+60=118. 118/3=36. Answer = 36 yards.” Students often try to take short cuts for
calculations like this one by writing “48+60=118/3=36.” Since 48+60 does not equal 36 the [run-on] equation is
not true.
2

“Lower grades” is not specifically defined. Grades 3 and 4 are lower grades while grades 7 and 8 are upper
grades, but grades 5 and 6 can fall into either category depending on the item and what is being assessed.

Charlie Wayne has worked at PDE for 16 years, all as
an Educational Assessment Specialist in mathematics.
Prior to coming to PDE, he taught on campus at a
business institute, worked as a system analyst, taught
post-secondary courses in federal prisons, started a K-8
computer program, and was an actuary.

If you are interested in becoming a member of or renewing
your membership to PCTM, please go to the website or send
an email to pctmmembership@gmail.com.
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FRINGE THOUGHT: Many of life’s failures are people who did not realize how close they were to success when they gave up.
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Proactive and Professional: Student Teaching

FRINGE THOUGHT: Joy is complete only when it is shared.

Annette Cook
I have been a mathematics teacher in a public school
for 17 glorious years. Almost all of this time has been
teaching eighth grade. As I became more experienced, I
started to open my classroom to guest teachers from the
local university as I enjoy getting to meet and work with
pre-service teachers. They bring an energy and freshness
to the classroom. Even if it is nervous energy, the new face
generally enamors middle school students. The students
get to encounter another person who appreciates the math
material. To date, I have hosted eight secondary mathematics student teachers and more than 50 junior block
student teachers. Sometimes I am asked to participate in
workshops for pre-service math teachers at the local
university. As I prepare to work with beginning teachers, I
often think back to the words and actions of exceptional
educators who mentored and helped me to find my
confidence and footing in my own classroom. I also
collect quotes that are inspiring and focus my thoughts to
the ideals of teaching and, in general, being a positive
person. This article is the product of the reflections I
present to pre-service teachers as they prepare for their
first experiences in the classroom.
I completed my student teaching in 1998. Back then,
the first day of student teaching was held at the university
where we attended an all day meeting. I estimate there
were 150 or more student teachers in my meeting. I was
one of the first to arrive to the auditorium; I dislike being
late. A man was distributing notecards to the first 20
student teachers who arrived. I got one of those precious
cards. The message on the card has guided my classroom
practice every day for the last 17 years. It said:
The lessons of student teaching:
• Authority has its place.
• Expect to be tested.
• Handle small problems promptly.

teachers feel in regards to their students and the content
they teach. Follow the guidelines set by your cooperating
teacher. When you have your own classroom, you will
build your teaching practice from the student teaching
experience and your own good judgment. However, the
school board, the superintendent, the curriculum director,
the building principal, and the department supervisor in
your school district will also guide your teaching practice.
“We are what we repeatedly do. Excellence, then, is not
an act, but a habit.” - Aristotle
When you are student teaching, you need to look the
part of a professional teacher. Dress professionally and act
professionally. Integrate yourself into the school
experience as a polite, responsible, and humble adult. Use
Mr., Mrs., and Dr. when referring to all faculty, staff, and
administrators. Soak up the experience of student
teaching. Ask questions of everyone. Do more listening
than talking. Seek to understand the demands and
expectations of being a teacher. Interact with the positive
people in the school. There are plenty of good role models
to emulate. Cooperating teachers do not want to be put in
the position of having to monitor and correct immature or
unprofessional behavior of a student teacher.
Expect To Be Tested.
“Everything I learned about teaching I learned from
bad students.” – John Holt

Authority Has Its Place.

The students will test you. Your cooperating teacher
and your university supervisor will also test you. Stretch
yourself. Accept the challenges they put in front of you.
When you get your own classroom, the list of people
testing you will grow to include: parents, principals,
department chairs, other teachers, politicians, etc. Being
tested is part of the job.

“There is a standard for good mathematics, and there are
no compromises on these expectations for quality.”
–Geralyn Hull

“Opportunity is missed by most people because it is
dressed in overalls and looks like work.”- Thomas A
Edison

As a student teacher, your cooperating teacher is the
authority on what you teach and how you teach it. This
authority comes from years of classroom practice and the
expectations outlined by the school board and
administration in that district. Classroom teachers are
protective of their students and honoring the integrity of
the courses they teach. The above quote is from one of my
teaching colleagues. It emphasizes the commitment many

Ask your cooperating teacher if you can grade a test,
make a quiz, teach a lesson, etc. GET INVOLVED
EARLY! If your undergraduate background has not
prepared you for some aspect of teaching, you now have
15 weeks to develop these skills. Do not shy away from
these areas. Happily do the work. You should always be
eager to teach. You should prepare complete and detailed
lesson plans. As a student teacher, you can expect to have
lessons that do not go well. Every teacher, no matter his
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while your friends are out having fun.
#3 The kids you will teach are not like you. You need to
relate to students who do not want to be in your
classroom. You job is to “sell” them your product -MATH!! You will need to be a good salesperson.
#4 You will not teach calculus your first year. Expect to
teach students who are challenged by math and
students who do not know their times tables.

Handle Small Problems Promptly.
“Don’t be afraid to take a big step when one is indicated.
You can’t cross a chasm in two small jumps.” – David
Lloyd George

#5 Two months off in the summer is a myth.

“The main thing is to keep the main thing the main thing.”
- Stephen Covey
“The problem is not that there are problems. The problem is expecting otherwise and thinking that having problems is a problem.”- Theodore Rubin

#6 When you are student teaching…do not follow your
cooperating teacher into the bathroom. Give him or
her a little space.
#7 Although it might not always feel like it…It is a
privilege to teach other people’s children.

They are the kids and you are the adult. Do not blur
these lines. Students have many friends; they only have
one math teacher. Do not deny them the experience of a
productive math classroom focused on advancing math
understanding. You are responsible to teach them no
matter their background or behavior. Make at least one
connection with each and every student. Do not miss the
point of teaching; it is about the relationships. Be careful
here -- not all relationships are positive. Giving
“lip-service” to building positive relationships is not
enough. Building a positive relationship involves a
sincere effort and does not include any interactions that
hint of being demeaning. Make sure the relationships you
cultivate are focused on sincere and respectful interactions.
This relationship-building can happen outside of the
curriculum you are teaching. You can make a connection
by incorporating sports, video games, TV shows, or
anything trending in the students’ lives into your lessons
and general conversations. Having positive relationships
will help in handling the small problems as they arise.

“Some succeed because they are destined to, but most
succeed because they are determined.” - Henry Van Dyke

Seven additional items to consider as you approach
student teaching:

Annette Cook is a 7th and
8th grade mathematics teacher
at Landisville Middle School
in the Hempfield School
District. She currently serves
as a PCTM Eastern Regional
Representative.

#1 Ask yourself: Do I like kids? Not only should you
like kids that are related to you like your nieces,
nephews, cousins, or your own children, but you
MUST like other people’s kids. If not, you should
find another career.

Student teaching will sometimes feel overwhelming,
and that’s okay. Keep focused on your goal. Seek help
when you need it. You will be focused on teaching the
content area but through your actions your students will
learn more from you than the formal curriculum. Teach
them about taking academic risks, embracing challenge,
and thriving in a new environment. Enjoy the moment and
learn from your unique experience.
“Go into the world and do WELL. But more importantly,
go into the world and do GOOD.” - Minor Myers, Jr.

#2 Expect being a teacher to be more than seven hours per
day. It will consume your life for ten months out of
the year. You will work on weekday nights and
Sunday nights grading papers, creating lessons,
responding to emails, and writing student summaries
PCTM Magazine
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FRINGE THOUGHT: If you have a dream, follow it. If you catch a dream, nurture it. And if your dream comes true, celebrate it!

or her level of experience, has this happen. Having a
complete and detailed lesson plan will increase the
likelihood of success. Whether you are a beginning or an
experienced teacher, the lesson plan will be the first item
scrutinized when a lesson falls short. Being unprepared in
this area is not acceptable.

A Historical Statistical Journey Through Data, Chance, and
Uncertainty

FRINGE THOUGHT: There must be doors that talk. People are always saying, “Answer the door!”

Kevin Robinson
Greetings! My name is Kevin S. Robinson, a
statistical educator at Millersville University of
PA, and I would like to begin a historical statistical
journey with you. As mathematics educators, I
hope that you will find the information about the
history of statistics interesting and useful in your
classrooms.
Consider the following motivational situation in
Figure 1.

Figure 2. Natural random variation – assessing
the difference between what is observed and
what is expected, real or simply due to chance
variation.
Figure 1. Red vs. Blue: Proportion of
Olympic combat sports won by each color
(Hill and Barton, 2005).
Does uniform color give athletes an advantage
over their competitors? To investigate this
question, Hill and Barton (2005) examined the
records in the 2004 Olympic Games for four
combat sports: boxing, tae kwon do, Greco-Roman
wrestling, and freestyle wrestling.
Competitors in these sports were randomly
assigned to wear either a red or a blue uniform.
The researchers investigated whether competitors
wearing one color won significantly more often
than those wearing the other color. They analyzed
results for a total of 457 matches. The researchers
found that the competitor wearing red defeated the
competitor wearing blue in 248 matches, and the
competitor wearing blue emerged as the winner in
209 matches. The skeptics claim this is ridiculous,
saying that nothing is going on and the results can
be explained by random chance variation. The
researchers claim that the results are very
interesting and too unusual to be due to
randomness alone. See Figure 2.
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This interesting research context motivates a number
of key components that are present in any statistical
endeavor:
 the presence of data as evidence,
 the wrestling with random chance variation, and
 the uncertainty in making conclusions based upon
empirical evidence.
I would therefore like to begin our historical
statistical journey with developments in the realm of
probability and modeling of randomness that are
encountered when dealing with data.
The Italian, Girolamo Cardano (see Figure 3), lived
from 1501 to 1576 and made the first ever foray into the,
until then untouched, realm of probability theory. It was
the first study of things such as dice rolling, based on the
premise that there are fundamental scientific principles
governing the likelihood of achieving the elusive 'double
six', outside of mere luck or chance. His book Liber de
Ludo Aleae (Book on Games of Chance ) was published
in 1663, but the book was likely completed by 1563.
Cardano also made important contributions to algebra,
hydrodynamics, mechanics and geology, along with the
interesting cool fact that Leonardo da Vinci consulted
him on questions of geometry.
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Figure 3. Girolamo Cardano.
I look forward to sharing additional personalities and
developments in the historical statistical journey in
future columns. I have personally found the material
enjoyable and utilize the content to bring energy to my
introductory and advanced statistics courses. You can
find a number of resources, including a timeline of
statistics, at this website. Statistically Yours ~ KSR
Reference:
Hill, R. A., & Barton, R. A. (2005). Red enhances
human performance in contests. Nature, 435, 293.

Access to Member’s Section of PCTM Website
To login to the members only section:
Go to: www.pctm.org
click on members only
username: member
password: mF7eoG
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FRINGE THOUGHT: The only way to see a rainbow is to look through the rain.

Kevin S. Robinson, PhD, is an Assistant
Professor in the Department of Mathematics at
Millersville University of PA. He is a statistical
educator with interest in K-16 statistical
curriculum and the application of industrial
statistics. An avid Pittsburgh sports fan, Kevin
and his wife Becky are the proud parents of
two sons, Ethan (12) and Caleb (8).

Lost Art of Conic Sections

FRINGE THOUGHT: Why does a slight tax increase cost you $200 and a substantial tax cut save you 30¢?

Janet M. Walker and Emily B. Downs
Menaechmus, Euclid, and Archimedes are all credited with having studied and written about conic sections.
However, most of their work was lost. Menaechmus discovered the curves that we call parabolas, hyperbolas, and
ellipses, but he did not use those terms. He called a parabola a “section of a right-angled cone,” a hyperbola a “section
of an obtuse-angled cone,” and an ellipse a “section of an acute-angled cone” (Schmarge, 1999). The most well-known
progress with conic sections was developed by Apollonius of Perga (died c. 190 BC) and his translated definition is what
is used today: a curve formed by cutting a double cone with a plane. The purpose of this article is to share some
activities that will help teachers incorporate conic sections into the high school mathematics classroom. We did not
develop any of these activities, we are simply putting a collection of activities together to aid the classroom mathematics
teacher in accessing ideas more readily.
Why did we title this article as the “Lost Art of Conic Sections?” Well, for three reasons. First, and foremost,
the Common Core Standards, as well as individual state standards do not consider the conic sections as essential content
for students. There are a few standards that relate to quadratics, but none that discuss ellipses or hyperbolas. Thus, the
teaching of conic sections has been put on a non-essential list of content topics for students and is often not taught in
favor of content that is tested. This is unfortunate, since the conic sections are so intriguing. Second, although parabolas
are taught, they are usually taught as quadratics and not tied in as part of a conic section. They are tied mostly to the
family of functions. Many people never learn or make the connection of the quadratic to a cross section of a
cone. Lastly, the conics are often one of the last chapters in second year algebra textbooks and there is usually not
enough time in a school year for teachers to get to those chapters. We hope that teachers will see and appreciate the
beauty in the conic sections enough to at least introduce them to their students in advanced mathematics.
Part I: Concrete Representations of Conic Sections
In mathematics classrooms, we are always searching for more hands-on activities. The following two activities
are made with household items, making it easier for teachers to implement them into the classroom.
Cake Cones
We can create cake cones with mason jars and 4 oz. conical paper cups. Place the paper cones in small-mouthed
canning jars on a tray or baking dish. See Figure 1. Spray each wrapper with non-stick spray and coat with flour. Using
a box cake mix, prepare as directed for cupcakes. Put about a ¼ cup of batter in each paper cone. See Figure 2. Bake at
350° for about 20 minutes. After cooling, take them out of the cone wrappers and cut the bulbous dome off to make a
flat base. See Figure 3. Let the cake sit out for a while (about 2 days) to allow them to become a bit stale.

Figure 1. Unbaked Cones

Figure 2. Cones Baking

Figure 3. Completed Cones

In class, students should be placed into groups and each group will be given cake cones and a plastic knife (or a
piece of string). Show students how to obtain each of the conic sections by cutting the cake cones. The construction of
the sections include:
Circle - Make a cut parallel to the base of the cone;
Ellipse - Make a cut at a steeper angle (but not through the base);
Parabola - Make a cut parallel to one of the edges of the cone; and
Hyperbola - Make a vertical cut not through the vertex.
Help students visualize the cross-sections by having them spread icing or jam on the cut surfaces. Then ask students,
“What happens if the cut is made through the vertex of the cone?”
As an extension, you could tilt the paper in the jars so that you get oblique cones and then have students explore
the conic sections by making various cuts (Edman, 2013).
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Play-Doh Cones
Another way to have students explore the conic sections is with using Play-Doh and dental floss. Give each pair
of students a jar of Play-Doh, two cone cups, and two pieces of dental floss (about 8 inches long). The students should
take out the Play-Doh and each take half the amount in the can. Roll the Play-Doh into a ball then on one side, ask the
students to create a cone shape by rolling the Play-Doh between their hands. Once the shape is started, place the
Play-Doh into the cone cup and push it down gently to create the cone shape. See Figure 4. Rip off the cup and place the
Play-Doh cone on the table. See Figure 5. Demonstrate how to obtain each of the conic sections by cutting the Play-Doh
with the floss. The construction of the sections include:
Circle - Make a cut parallel to the base of the cone;
Ellipse - Make a cut at a steeper angle (but not through the base);
Parabola - Make a cut parallel to one of the edges of the cone; and
Hyperbola - Make a vertical cut, not through the vertex (AngryMath, 2015).

Figure 5. Cut Cones

Part II: Pictorial Representations of Conic Sections
The Paper Folding Method (Serra, 2011)
Materials
Patty Paper, Pencil, Ruler, Compass
A. Parabola
Use a ruler to draw a horizontal line across the bottom half of the patty paper. Label the line l. Place a point not on l,
labeled P.
Fold P onto l several times, making folds all along the line.
You should see a parabola begin to form between the line and the point. Using the lines trace the parabola with your
pencil. See Figure 6.
We can use this visual to solve for the general equation of a parabola:
(View Part III A for instructions on deriving the formula from the folded parabola.)
B. Ellipse
Use a compass to make a circle on the patty paper and mark the center of the circle, C.
Draw another point anywhere inside the circle, label P.
Fold the paper so that P lies on the circle, at least ten times, at varying locations around the circle.
You should see a small ellipse begin to form inside the circle. See Figure 7.

The standard form for an ellipse with center (0, 0) is:
(View Part III B for instructions on deriving the formula from the folded ellipse)
C. Hyperbola
Use a compass to draw a circle on the patty paper and mark the center of the circle, C.
Draw a point anywhere outside the circle, label P.
Fold the wax paper so that P lies on the circle, at least ten times at varying locations around the circle.
You should see a hyperbola begin to form. See Figure 8.
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FRINGE THOUGHT: The last key in the bunch generally opens the lock.

Figure 4. Play-Doh in Cone

FRINGE THOUGHT: Doctors say if you eat slowly you will eat less. Anybody raised in a large family will tell you the same thing.

The standard for of a hyperbola is:
(View Part III C for instructions on deriving the formula from the folded hyperbola.)
The Folds

Figure 6. Folded Parabola.

Figure 7.Folded Ellipse.

Figure 8. Folded Hyperbola.

Part III: Algebraic Representations of Conic Sections
In order to show students the derivation of the formulas for the conic sections, have them label the patty paper as shown
in the figures below (Stewart, 2007).
A. Parabola Exploration
Definition: A parabola is the set of all points in a plane that are equidistant from a given point (focus) and a given line
(directrix)

A parabola is defined by these two distances being equal, so set
them equal to each other and simplify:

This is the standard algebraic form for a parabola whose vertex is at (0,0). How does the standard form for the parabola
change as its vertex is moved off of (0,0)?
Open the GeoGebra Sketch for the parabola. Have students explore its properties and move the point (0, c) around.
Some questions you might ask include:
What happens to the parabola as you move the focus (0, c) away from the vertex?
What happens to the parabola as you move the focus (0, c) closer to the vertex?
Can the focus lie on the parabola?
What happens if the focus is on the other side of the directrix?
Make a conjecture about the focus and its relationship to the vertex.
Teachers may challenge students with an extension on GeoGebra. Have students design a GeoGebra sketch that has a
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directrix with a slope other than zero. Additional questions may be added to have students explore this scenario.
B. Ellipse Exploration
Definition: An ellipse is the set of all points in a plane the sum of whose distances from two fixed points is constant.
If a point, P is placed on the y-axis at the intersection with the ellipse, then:
If the point, P is not on the axis, then:

subtract second term
square both sides

square both sides again

but a2 – c2 = b2, so by substitution

divide both sides by a2b2 to get 1, so:
This is the standard algebraic form for an ellipse centered at (0, 0). How does the standard form for the ellipse change as
the center of the ellipse is moved off of (0, 0)?
Using the interactive ellipse, move the point (c, 0). Ask students the following questions:
What happens to the ellipse as (c, 0) is moved closer to the other focus point (0, -c)?
What happens to the ellipse as (c, 0) is moved further from the other focus point?
What happens if (c, 0) is placed on the other focus point?
Make a conjecture about how the focus point (c, 0) affects the ellipse.
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FRINGE THOUGHT: A budget is a device for telling you where your money should have gone.

Since an ellipse is defined by the sum of these two distances being equal to
a constant = 2a, so we set up the following and simplify:

C. Hyperbola Exploration
Definition: A hyperbola is the set of all points in a plane whose difference of the distances from two fixed points is
constant.

FRINGE THOUGHT: The world is blessed most by people who do things and not by those who merely talk about them.

If P is placed on the point (a, 0) then

If P is on the hyperbola, then:

an hyperbola is defined by the difference of these two distances being
equal to a constant = 2a, so we set up the following and simplify:
subtract second term
square both sides

square both sides again

multiply both sides by -1 since c> a, then c2 > a2 and you get:
Then substitute b2 = c2 – a2

divide both sides by a2b2 to get 1, so:
This is the standard algebraic form for a hyperbola whose center is at (0,0). How does the standard equation of the
hyperbola change as the center is moved off of (0, 0)?
Using the interactive hyperbola, move the point (-a, 0) so that it lies on top of (a, 0). What do you get? Why do you get
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this? (Use the Play-Doh to make a vertical cut through the vertex of the cone to its base. What do you get? This is the
cross-section.)
Using the interactive hyperbola, move the point (c, 0). Here are some questions to ask students:
What happens to the hyperbola as you move (-c, 0) closer to the hyperbola?
What happens to the hyperbola as you move (-c, 0) farther from the hyperbola?
What do you notice about the distance between (-c, 0) to (-a, 0) and (a, 0) to (c, 0)?
How does the center of the hyperbola change as (c, 0) is moved?
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Conclusion
Although conic sections seem to be non-essential content in terms of what students need to graduate from high
school, it is still important material to students who might pursue a mathematics- or science-related career. This content
should not be overlooked.
If you are interested in further development of conic sections and 3D models on GeoGebra for cones with various
slices, you might find this link to be useful and informative.
There are many extensions that could be made with each of these activities. We shared several examples and hope
teachers will create their own activities that will challenge students. We hope you enjoyed this set of activities. If you
use them with students, send us an email or, better yet, a photo of your students doing the activities. We love ideas, so if
you have any suggestions or any activities that you use that are effective, send them along!

Extended Pythagorean Relations

FRINGE THOUGHT: Never wrestle with a pig—you both get dirty and the pig enjoys it.

Kenneth Sullins
Sometimes an old book has a method or idea we haven’t seen, or sometimes an old book reminds us of simple ideas
we haven’t considered. So often we forget to look for those simple things when working on problems! The idea of a
Pythagorean Quadruple was mentioned in Chapter One Problems in the 1973 book by John R. Durbin, Mathematics: Its
Spirit and Evolution. Durbin presented the following problem:
Show that if ( x , y , a ) and ( a , z , w ) are both Pythagorean triples,
Then ( x , y , z , w ) is a Pythagorean quadruple.
Note: ( x , y , z ) is a common notation for a Pythagorean Triple.
A Triple
(a,b,c)
A Quadruple ( a , b , c , d )
Another notation used for a Pythagorean Relation is a - b - c - d.
Relating Pythagorean Triples (See the Fall 2015 Issue of PCTM Magazine for an article on Generating Pythagorean
Triples) and using substitution is an easy way to create a Pythagorean Relation for higher dimensions, an EXTENDED
PYTHAGOREAN RELATION.
A RELATED PAIR OF TRIPLES has the largest value of one triple equal to a smaller value of the other triple. For
example, ( 3, 4 , 5 ) and ( 5 , 12 , 13 ) are a related pair. THE RELATING VALUE is 5. The Extended Pythagorean
Relation, a Pythagorean Quadruple, is ( 3 , 4 , 12 , 13 ).
Right triangles, the Pythagorean Theorem, and the two dimensional distance formula,
are
related to many concepts in Algebra (distance in the plane), Analytic Geometry (the conics), and Trigonometry (the
Trigonometric Ratios). As discussions and presentations are done to extend these concepts from two dimensions to three
dimensions, Solid Geometry and three dimensional Analytic Geometry, the Extended Distance Formula,
is included and having Pythagorean Quadruples can become invaluable. The developments of
CAD, CNC (computer aided work in the tool and die industry), and 3D Printing have made knowledge of three
dimensional concepts and relations essential.
A PRIMITIVE PYTHAGOREAN TRIPLE is one in which the Greatest Common Divisor of the three numbers is one, the
three numbers are relatively prime. In a Primitive Triple, one of the smaller numbers is an even number and the other is
an odd number. Two examples of Primitive Pythagorean Triples are
( 16 , 63 , 65 ) and ( 33 , 56 , 65 ).
A COMPOSITE PYTHAGOREAN TRIPLE is one in which the three numbers have a common factor. Two examples of
Composite Pythagorean Triples are ( 25 , 60 , 65 )… 5 x ( 5 , 12 , 13 ) and ( 39 , 52, 65 ) … 13 x ( 3 , 4 , 5 ).
Rectangular Solids and Pythagorean Quadruples become fast friends with Substitution
In Geometry, a Pythagorean Quadruple could be used when the diagonal of a
rectangular solid (a parallelepiped) is needed. For example, the problem given might
be: “What is the diagonal of the box having dimensions 12 in. by 3 in. by 4 in?” See
Figure 1.
The dimensions for the box are created by using the Related Pythagorean Triples
( 3 , 4 , 5 ) and ( 5 , 12 , 13 ) and Substitution. The process of getting the dimensions
Figure 1. A rectangular solid
for the example is:
with dimensions 12 in. by 4 in.
 Use a related pair of Triples. This example uses ( 3 , 4 , 5 ) and ( 5 , 12 , 13 ).
by 3 in.
 These are two Primitive Triples with the relating value of 5. See Figure 2
and 3.

Figure 2. The measures 3 units
by 4 units by 5 units.
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 Substitute the smaller values, 3 and 4, of the first triple for the relating value in the second triple, the 5.
 This gives the Pythagorean Quadruple ( 3 , 4 , 12 , 13 ). See Figure 4.

Figure 4. The rectangular solid has the dimensions 3 units by 4 units
by 12 units and the length of the diagonal of the solid is 13 units.

Extending the Pythagorean Relation to a desired dimension can be done by continuing the pairing-substitution
process. This pairing with a related triple method will extend Pythagorean Relations one dimension at a time. The
Pythagorean Quadruple ( 3 , 4 , 12 , 13 ) is related to ( 13 , 84 , 85 ). The relating value is 13. The Extended Pythagorean
Relation, a Pythagorean Pentad, is
( 3 , 4 , 12 , 84 , 85 ). Substituting for more than one of the smaller values can also be done. This will extend the
relation by one dimension for each substitution.
The fact that a Natural Number may be written as the sum of squares can be used to extend this relation to a Higher
Order Pythagorean Relation, but the increase in dimensions is dependent upon the number of squares needed for the
sum. To extend a Pythagorean Relation in this manner, the value in the relation that will be replaced needs to be
squared, and then written as the sum of squares. The Extended Pythagorean Relation for ( 3 , 4 , 12 , 84 , 85 ) with the
substitution for 3, 32 = 9 = 12 + 22 + 22, becomes ( 1 , 2 , 2 , 4 , 12 , 13 ). An interesting historical note is that in
1770, Joseph-Louis LaGrange proved that every positive integer is either a square itself or the sum of two, three, or four
squares. This was the beginning of what has become the study of quadratic forms.
A higher order Pythagorean Relation might be used to create data when introducing one of the standard deviation
formulas in statistics,
Data that could be created using the extended relation
( 1 , 2 , 2 , 4 , 12 , 13 ) is 25 , 33 , 35 , 35 , 36 , 38 , 39 , 39 , 41 , 49.
Below, the notation a, b, c is used for the Pythagorean Triples and Extended Relations. The Substitutions used to
create the Pythagorean Relation 1 , 2 , 2 , 4 , 12 , 13 above were:
 Use one of the smaller numbers. Write its square as the sum of squares.
32 = 9 = 12 + 22 + 22.
1,2,2, 3
 Use a Related Triple
The Largest Value of the first relation is equal to a Smaller Value in the second
(the 3, the Relating Value).
3 ,4,5
 Substitute for the Relating Value (the 3) in the second relation
1,2,2,4,5
1,2,2,4,5
 Use another Related Triple
5 , 12 , 13
The new Largest Value is equal to a Smaller Value of the new relation (the 5, the Relating Value)
 Substitute again for the new Relating Value (the 5)
1 , 2 , 2 , 4 , 12 , 13
 The Extended Pythagorean Relation
1 , 2 , 2 , 4 , 12 , 13
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Using a pair of Related Primitive Triples is not the only way to create Pythagorean Quadruples.
Any pair of Related Triples may be used.
A Primitive Triple and a Composite Triple
The related pair of Triples is ( 7 , 24 , 25 ) and ( 25 , 60 , 65 ), which is 5 x ( 5 , 12 , 13 ).
The Relating Value is 25.
The Quadruple is ( 7 , 24 , 60 , 65 ).
Two Composite Triples
The Related Pair of Triples is ( 15 , 36 , 39 ) (i.e., 3 x ( 5 , 12 , 13 )) and ( 39 , 52 , 65 ), (i.e., (13 x ( 3 , 4 , 5 )).
The Relating Value is 39.
The Quadruple is ( 15 , 36 , 52 , 65 ).

FRINGE THOUGHT: It’s a funny thing about life—if you refuse to accept anything but the best, you very often get it.

Below, the notation a – b – c – d is used for the Pythagorean Triples and Extended Relations.
Substitutions using Pythagorean Triples
TWO RELATED TRIPLES
3-4-5
32 + 42 = 52.
RELATING VALUE = 5.
5 - 12 - 13
52 + 122 = 132.
2
2
EXTENDED RELATION
3 - 4 - 12 - 13
3 + 4 + 122 = 132.
RELATING VALUE = 13.
13 - 84 - 85
132 + 842 = 852.
EXTENDED RELATION
3 - 4 - 12 - 84 - 85
32 + 42 + 122 + 842 = 852.
RELATING VALUE = 85.
85 - 132 - 157
852 + 1322 = 1572.
EXTENDED RELATION
3 - 4 - 12 - 84 - 132 - 157
Visuals can sometimes show connections between concepts. Figure 5 is a picture of the substitutions above.
Does the picture bring to anything to mind? The idea of growth? Fractal Growth?

Figure 5. Substitutions Using Pythagorean Triples.
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What are you doing with your students?
Send a picture and a short description to pctm.editor@gmail.com
We need your help filling this space!
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Submissions Solicited for PCTM Magazine
Since the 1990’s, the Pennsylvania Council of Teachers of Mathematics (PCTM) has produced the
PCTM Magazine for our members. Our mission is to promote mathematics education in Pennsylvania. In the
magazine we accomplish this by publishing edited articles by leading authors and local news from around the
state. PCTM is committed to improving mathematics instruction at all levels. We place an emphasis on classroom activities that are aligned to the Pennsylvania Core State Standards and the NCTM Principles and Standards for School Mathematics.
You are invited to submit articles for consideration for publication in the PCTM Magazine. This publication provides an excellent opportunity for you to share your ideas with the ever-growing number of colleagues dedicated to improving mathematics education in Pennsylvania. Any topic of interest to teachers of
mathematics, especially K-12 classroom teachers in Pennsylvania, is suitable subject material. All readers are
encouraged to contribute articles and opinions for any section of the magazine. Teachers are encouraged to
submit articles for Voices From the Classroom, including inspirational stories, exemplary lessons, or management tools.
Original artwork on the cover is another way teachers may contribute. We publish the magazine three
times each school year, in the winter, spring, and fall.
Deadline for submissions:
Spring, April 15
Fall, August 15
Winter, December 15
Author Guidelines:
Manuscript Format: Manuscripts should be double-spaced, with 1-inch margins on all sides, typed in 12point font and follow the APA 6th Edition style guide. Manuscripts should be submitted in Microsoft Word. If
you have a picture or graphic in the text, please include the original picture(s) in a separate file. A cover letter
containing author’s name, address, affiliations, phone, e-mail address, and the article’s intended audience
should be included in the e-mail.
Manuscript Submission: Manuscripts should be submitted electronically as an e-mail attachment to
pctm.editor@gmail.com. Receipt of manuscripts will be acknowledged. After review by the editors, authors
will be notified of a publication decision.

Dates of Upcoming Conferences
2016 T3 International Conference, February 26-28, 2016, Orlando, FL
LHMA Annual Mathematics Educator Mini-Conference, March 19, 2016, University of
Pittsburgh-Johnstown, Johnstown, PA
EPaDel (Eastern Pennsylvania Delaware section of the Mathematical Association of America),
April 2, 2016, Muhlenberg College, Allentown, PA
NCTM Annual Conference, April 13-16, 2016, San Francisco, CA
PAMTE Annual Conference, May 11-12, 2016, Shippensburg, PA
PCTM Conference, August 3-5, 2016, Seven Springs, PA
MAA Mathfest, August 3-6, 2016, Columbus, OH
NCTM Regional Conference, October 31-November 2, 2016, Philadelphia, PA
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