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President’s Message
Lynn Columba
Dear PCTM Membership:
There is no happiness if the things we believe in are different from the things we do.

Freya Stark

Mathematically yours,
Lynn Columba, PCTM President

PCTM Magazine

3

Fall 2016

FRINGE THOUGHT: Make more friends. Almost anyone will make the better friend than an enemy.

PCTM conference attendees are passionate about teaching and learning mathematics and are open to
learning new concepts and activities for their students. Just as home classrooms provide a warm and
welcoming climate, the 65th Annual PCTM conference in Seven Springs Resort created that same friendly
atmosphere where many mathematics educators gathered to chart a course for the upcoming school year.
Participants shared the belief that ALL children can excel in mathematics as they reflected on the above quote
by Freya Stark and made decisions to commit to their professional growth so that, in turn, their students would
benefit by learning and succeeding in mathematics.
Other takeaways from the conference included the words of wisdom shared by three nationally recognized
mathematics leaders in the field: Peg Smith, University of Pittsburgh; Diane Briars, a past NCTM president;
and Rose Zbiek, Penn State University and former board member of NCTM.
Keynote on Thursday—Dr. Peg Smith described the eight effective teaching practices
identified in NCTM’s Principles to Actions: Ensuring Mathematical Success for All with an
emphasis on supporting productive struggle. Peg engaged the audience with activities designed
to support teacher learning of this practice drawing from the newly developed Principles to
Actions Teaching and Learning Toolkit. Her book, 5 Practices for Orchestrating Productive
Mathematics Discussion (coauthored with Mary Kay Stein), has been the best-selling book at
NCTM since its 2011 release.
Featured Speaker—Diane Briars, immediate past president, National Council of Teachers of Mathematics,
identified strategies and tasks to build procedural fluency which develops from conceptual understanding.
Video segments modeled appropriate implementation in the classroom. Procedural fluency incorporates an
understanding of efficiency, accuracy, flexibility and when to apply a particular procedure, which all builds
from conceptual understanding first. Also, Diane outlined the key features of CCSS-M which include focus,
coherence, rigor, and the Standards for Mathematical Practice.
Keynote Address on Friday—Dr. Rose Zbiek, National Council of Teachers of Mathematics
board member and the editor of NCTM’s Developing Essential Understanding Series,
discussed Raising a Generation of Mathematical Modelers. Rose emphasized treating
mathematical modeling as a process. The criteria for modeling tasks include problems that are
open, complex, realistic/authentic, problematic, and accessible at all phases.
Many exciting sessions for elementary, middle, high school, and higher education levels
focused on a variety of topics including gaming, robots, WebQuests, fractions, calculus,
STEM, STEAM, and numerous others. Nineteen vendors shared their resources for current
mathematics lesson ideas for classrooms PreK-12. A particularly exciting kiosk, the PCTM
Photo Booth, provided by the preservice teachers delivered imaginative images. See below for proof that
mathematics can, in fact, be flamboyant and fun. Look for them next year in Harrisburg.
As you plan for your school year and your professional growth, I invite the PCTM community to join in a
year of growing and learning together. Next year, the 66th Annual PCTM conference will be at the Harrisburg
Hilton, August 2-3, 2017. See you then!

NCTM to host Regional Conference in Philadelphia
October 31st – November 2nd

FRINGE THOUGHT: Every cloud doesn’t mean a storm.

A new school year is about to begin, and what better way to up your game than to attend NCTM’s Regional
Conference! With more than 230 sessions and workshops available, you’ll learn about the latest research on
effective math instruction and practice appropriate for your grade level and subject. Presenters from all over
the country will share new strategies and techniques to make you a better math educator. The conference will
be held at the Philadelphia Convention Center. Detailed information on the conference as well as registration
information can be found on the NCTM website: www.nctm.org/philadelphia.

Volunteers Needed for NCTM’s Regional Conference
PCTM has partnered with its Philadelphia affiliate, ATMOPAV, to provide volunteers to assist at the conference. Volunteers are needed on November 1st and 2nd to provide directions, distribute programs, and manage
meeting rooms. If you would be willing to help out for a few hours, please click on the VOLUNTEER link on
the NCTM website to sign up. We are counting on our membership to make this event a huge success! In
appreciation for your assistance, participants who volunteer for four hours may register at NCTM’s discounted
member rate. College students who are not members of NCTM may attend for free on the day they volunteer.
Are you a retiree? Consider volunteering for the day to help the next generation of math teachers advance their
practice. Please consider giving a bit of your time to this worthwhile endeavor!

PCTM Magazine

4

Fall 2016

FRINGE THOUGHT: The reward for a good deed is to have done it.

Fall 2016
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2016 Annual PCTM Conference Summary
On behalf of the 2016 Annual PCTM Conference committee, we want to thank those of you who attended the 65th
Annual Conference at Seven Springs Mountain Resort on August 4th and 5th.
We hope that you found the conference informative and worthwhile. We would like to thank our keynote and
featured speakers: Peg Smith, Rose Mary Zbiek, and Diane Briars. We also want to thank the many other speakers who
presented on a wide variety of topics. We hope that you found the conference productive and fun.
There were 179 attendees at this year’s conference including 25 pre-service teachers and 18 vendors. There were
over 90 sessions offered in addition to 13 sessions offered by vendors in the Annex. All conference attendees were
invited to lunch on Thursday in the Exhibit Hall during which time the PCTM General Membership Business meeting
was chaired by PCTM President Lynn Columbia. The last presentation on Thursday included 15 presentations by the
pre-service teachers.
Seventy participants attended the BBQ picnic Thursday evening. Many gifts from vendors as well as NCTM were
handed out as door prizes including two calculators from Casio and a membership subscription to NCTM. The picnic
was followed by cake and ice cream sponsored by Big Ideas Learning to celebrate the 65th PCTM Annual Conference.
Returning to this year’s conference was an opportunity to purchase NCTM books. NCTM supplied books for
different levels and on a variety of topics, including books for administrators and parents. Books on mathematical
modeling and the common core were big sellers.

FRINGE THOUGHT: Success

lies in doing not what others consider to be great but what you consider to be right.

Edel Reilly and Mary Lou Metz
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Special thanks goes out the Conference Committee Members who made this conference a success. These include
Cynthia Taylor and Tyrone Washington, Program Co-Chairs; Annette Cook, Registration; Brian Sharp and Leslie
Frischman, Exhibits; Steve Cicioni, Conference Treasurer; Nina Girard, Local Hospitality; Kate Remillard, Student
Volunteers; Tim Seiber and Stephanie Weirich, Website; Christian Good, Social Media; Kelly Brent, Signs; Christine
Weigand, NCTM Sales; Nina Girard and Leslie Frishman, Conference Evaluation; and Mary Lou Metz and Amanda
Schantz, Pre-Service Teacher Day.
The PCTM Conference Committee was supported by the work of seven student hosts from Indiana University of PA
and Saint Francis University. The hosts provided assistance throughout the two days in all areas of the conference. The
work of the student hosts was reportedly well received by many speakers.

Edel Reilly and Mary Lou Metz
2016 General Conference Co-Chairs
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FRINGE THOUGHT: Make the most of yourself, for that’s all there is of you.

Plans are underway for the 66th Annual conference to be held at the Harrisburg Hilton on August 2-3, 2017. Please
put these dates on your calendar. More information on this upcoming conference as well as a call for proposals will be
coming out in the fall.

Pre-Service Teacher Day at PCTM Conference

FRINGE THOUGHT: Nonchalance is the ability to remain down-to-earth when everything else is up in the air.

Mary Lou Metz
Twenty five future teachers of mathematics participated
in Pre-Service Teacher Day as part of the PCTM Annual
Summer Conference at Seven Springs on August 4th. The
day began with an address by Dr. Peg Smith, University of
Pittsburgh. The pre-service teachers (PSTs) engaged in
solving a task and then reading a vignette of a teacher
implementing the task with his students. A discussion then
followed about the practices used by the teacher to support
students’ learning of mathematics.
During the luncheon, which was generously sponsored
by PCTM, PSTs were presented with “Understanding the
Complexities of Differentiation in the Mathematics
Classroom” by Drs. Edel Reilly and Joann Migyanka,
Indiana University of PA. Students learned a variety of
strategies and activities for differentiating instruction in the
mathematics classroom.

Pre-service teachers discuss their presentations with
interested attendees.

Dr. Edel Reilly (left) and Dr. Joann Migyanka address
pre-service teachers during the luncheon.

Pre-service teachers participate in an ice breaker activity prior
to presenting their topics.

Pre-Service Teacher Day concluded with presentations from 17 of the PSTs on a variety of topics ranging from
Google apps for the mathematics classroom to using the four color problem with middle school students. Student
presenters came from six of Pennsylvania’s universities: Indiana University of PA, Kutztown University, Millersville
University, Penn State University (University Park), St. Francis University, and Temple University. In addition to the

other PSTs in attendance, many participants from the PCTM conference attended the presentations. Two
pre-service teachers, Megan Huston from West Chester University and Rachel Kee from Indiana University of
PA, received “Pre-Service Teacher” awards from PCTM. These awards paid hotel and registration expenses
so that the students could attend the conference.
Finally, a special thank you to the generosity of the Pennsylvania Association of Mathematics Teacher
Educators (PAMTE) for their sponsorship so that numerous door prizes could be awarded to the students.

PCTM Magazine

8

Fall 2016

FRINGE THOUGHT: Nothing is so full of victory as patience. He that can have patience can have what he will. –Benjamin Franklin

Fall 2016

9

PCTM Magazine

FRINGE THOUGHT: Simplicity is making the journey through life with just enough baggage.

Pictures from the Conference
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FRINGE THOUGHT: Even the woodpecker owes his success to the fact that he uses his head and keeps pecking away until he finishes the job he starts.
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FRINGE THOUGHT: Family: A group of people, no two of whom like their breakfast eggs cooked the same way.

FRINGE THOUGHT: Every household should have a filing cabinet on which to stack important papers.

Fall 2016
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PCTM Awards

FRINGE THOUGHT: The best portion of a good man’s life—his little, nameless, unremembered acts of kindness and love.

Jo Kinsey
Annalee Henderson Award 2016
Rachel Lynn Baumler is this year’s recipient of the Annalee Henderson Outstanding Student Achievement Award.
Each year the PCTM Awards Committee recognizes the accomplishments of a graduating high school senior by giving
this award. The award was established in honor of a board member and math educator, Annalee Henderson. Awardees
must exhibit contagious enthusiasm for mathematics; they must also have excelled in their academic classes and
contributed through related academic activities.
Rachel Baumler was nominated by Dr. Janet Walker, professor of mathematics at Indiana
University of Pennsylvania (IUP). Walker worked with this gifted learner after school and during
the summers. Rachel was also nominated by Mr. Scott Layden, a mathematics teacher at Indiana
Area Senior High School.
Rachel has taken accelerated courses and advanced placement courses throughout her school
career. In 9th grade she outperformed older students in her Functions, Statistics and Trigonometry
class. She has excelled in AP calculus and statistics courses. Last summer, the awards recipient
attended a pre-college course at Carnegie Mellon University. The article she wrote, RSA Encryption
and Computational Complexity, was based on her original work there. Rachel is ranked first in her
graduating class at Indiana Area Senior High School.
She has been active in her high school’s math club where she is on a traveling math team. The team travels across
the state to compete against other high schools, often as many as 30 schools. Rachel has been a top scorer for her team
and has helped them to achieve many 1st and 2nd place finishes.
In addition to her mathematics work, Rachel has been in the school marching band and pit orchestra, participated in
Relay for Life, serves as a class representative, and is an avid dancer and dance instructor.
New Teacher Award
John Tyler Garey is the 2016 recipient of the New Teacher Award for the Pennsylvania Council of Teacher of
Mathematics (PCTM). John has completed his first year of teaching at Penn Wood High School in Yeadon, PA. He has
taught Algebra I at all levels from Keystone Remediation through Honors and Geometry.
He was nominated by Daniel Wisniewski, Head of the Division of Sciences and Mathematics at DeSales University
in Center Valley, PA. Wisniewski taught and mentored Garey during his undergraduate years and now collaborates with
him on mathematics education projects.
Dr. Judy Lee, Assistant Principal at Penn Wood School also nominated John Garey for the New Teacher Award. Dr.
Lee noted that John brings great enthusiasm to his work and collaborates easily with his fellow teachers, notably on the
technology committee and the steering committee for Penn Wood’s new 9th Grade Academy. Dr. Lee has also stated,
“John brings his whole self to teaching. Because he is a genuine, open, and humble person, his students feel safe enough
to try to meet the challenges with which he presents them.” To quote Dr. Lee further, ”John strives to make the material
he teaches relevant to the lives of his students. . . His class is a lively classroom in which problem solving and critical
thinking are always promoted. It is obvious to his colleagues and students that he is attempting to build in them a passion
for learning that will energize them for college.”
The PCTM New Teacher Award is given to math educators who have taught three years or less in a school in
Pennsylvania. PCTM seeks to recognize educators who have taught with contagious enthusiasm and skill during their
teaching years.
Pre-Service Attendee Scholarships
Megan Huston and Rachel Kee were the recipients of this year’s scholarships. Megan Huston will be a senior at
West Chester University this fall. Rachel Kee will be a senior at Indiana University of Pennsylvania. Rachel also
presented with other IUP students under the guidance of Dr. Brian Sharp on technology.
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Information about the 2016 PCTM Conference Evaluation
The PCTM 2016 Conference Evaluation committee would like to thank those conference attendees who responded to the
conference evaluation survey. We had an excellent return rate of 67 respondents. Valuable information for future
conference planning was gained through the survey.
Congratulations to Megan Huston who won a free NCTM Membership and to Carie Michael who won a free registration
for next year's PCTM 2017 Conference in Harrisburg from the evaluation drawing!

Send a picture and a short description to pctm.editor@gmail.com
We need your help filling this space!

Access to Member’s Section of PCTM Website
To login to the members only section:
Go to: www.pctm.org
click on members only
username: member
password: mF7eoG
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FRINGE THOUGHT: Love is the one commodity that multiplies when you give it away.

What are you doing with your students?

Success in the Mathematics Classroom:
Advice to College and High School Students

FRINGE THOUGHT: Eternity: Paying for a car on the installment plan.

Mary Ann Matras
Many of us were saddened this summer to learn of the death of Pat Summitt from Alzheimer’s disease.
Summitt, only in her sixties, had great success in leading the Lady Vols basketball teams of the University of
Tennessee. She was the most successful basketball coach—men or women—of all-time, leading her women
to a 91 % winning average at home, numerous titles, and over 1000 victories. But the Lady Vols were not
only successful on the basketball court; they were true student-athletes who were highly successful in the
college classroom. This was in no small part due to the leadership and team rules set by Pat Summitt. Those
of us who work with high school and college students who we want to mentor to be successful in the
mathematics classroom might well use one of the team rules and a sports metaphor to help our students be
successful.
One of Pat Summitt’s Team Rules: Always Sit the First Three Rows in Class.1 Why? The good student, like
the good athlete, has to be always involved. During a game or practice, an athlete does not sit on the top row
of the bleachers and talk to friends but is on the bench intent on the game. In the same way, a successful
student is involved in the class by listening, asking questions, taking notes.
Other sports ideas math teachers can use to mentor high school and college students include:
Pack Your (Gym) Bag. Backpacks are the gym bags of good students. And they need to contain anything that
might be needed for success including textbooks, paper, pencils, and calculators and/or other electronics.
Homework papers sitting on your desk at home or in the dorm cannot be turned in.
Read the (Play) Book. Athletes all read and study their playbooks but some mathematics students have
previously been successful without reading their textbooks. This is not often possible in upper level high
school and college courses. It is important to read the text before going to class. But texts—like playbooks-are not novels. They are densely written and must often be read more than once and notes must be taken. The
idea of reading the book and taking notes is one that even good students have trouble with as they transition to
upper level courses or college.
Go to (Practice) Class. Students transitioning to college and enjoying those new freedoms sometimes skip
class. Just as an athlete would not skip practice, students need to be in class. Like practice, they need to be
dressed and ready, on time and on the bench (in those first three rows). During practice or class, the athlete or
student needs to participate, ask questions, and make friends of their colleagues.
After the First (Practice) Class. Students should read the syllabus; it contains the game rules so that each can
know what is expected in the class. When is the homework due? When are the tests and quizzes? Where can
you get help? An athlete cannot be successful in the game if he or she does not know the rules.
More Practice. Athletes do not only go to practice; they also work out to improve their skills. Students do this
by doing homework, writing out complete solutions to problems and doing more than the assigned problems.
Read the (play) book again. Athletes often workout together with friends. For students this would mean
getting a study group together, and having the group meet regularly to work problems and discuss content.
More Coaching. More coaching for students may include finding a tutoring lab, going to the professor’s office
hour or seeking help from the high school teacher after school. Excellent athletes take advantage of every
coaching opportunity, so should students.
Preparing for the Test (Game): For students who have done daily preparation of homework and coaching,
preparing for the test should simply be a time of going over notes and homework and quiz problems—
basically watching the game and practice tapes. And then making sure they are ready by eating and sleeping
well the night before the test. There are reasons for team curfews!
Helping Our Students. Mathematics teachers at the high school and college levels want our students to be
successful in our math classes and in their future classes. Rules and routines that work for student-athletes
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also work for all students.
Read More About It: Teachers and students who are interested in reading more about Pat Summitt and her
rules for success might enjoy:
http://patsummitt.org/our_role/pats_story/pats_definite_dozen.aspx
http://www.ibtimes.com/pat-summitt-quotes-12-inspiring-sayings-honor-tennessee-coach-who-died-age-642387606
Crouse, Karen. “Pat Summitt Makes Tennessee A Cradle of Coaches” mobile.NYTimes.com January 24,
20009

Mary Ann Matras is a Professor of
Mathematics and the Chair of the
Mathematics Department at East
Stroudsburg University.

Attention Classroom Teachers and Student Affiliates
The Mathematics Education Trust (MET) of the National Council of Teacher of Mathematics
(NCTM) channels the generosity of contributors through the creation and funding of grants,
awards, honors, and other projects to support the improvement of mathematics teaching and
learning.
Apply for NCTM's Mathematics Education Trust grants, scholarships, and awards. Funding
ranges from $1,500 to $24,000 and is available to help math teachers, prospective teachers,
and other math educators improve the teaching and learning of mathematics.
For more information about the various grants, scholarships, and awards go to
http://www.nctm.org/Grants/
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FRINGE THOUGHT: Happiness is not having what you want, but wanting what you have.

1

FRINGE THOUGHT: Fame is a vapor, popularity an accident, riches take wings. Only one thing endures—character. –Horace Greeley

Computer Science Courses and Mathematics Graduation
Requirements
Cynthia Taylor and Tyrone Washington
Recently, Governor Wolf signed a Bill to promote study of computer science in high school. House Bill 833 allows a
student who successfully completes a course in computer science or information technology during grades nine through
twelve to apply up to one credit earned for successful completion of such course to satisfy the student's mathematics or
science credit requirement for graduation, provided, that the governing body of the student's public high school shall
have discretion to determine the graduation credit requirement to which the credit earned by the student shall be
applied.
Below is a position statement from National Council of Teacher of Mathematics (NCTM) addressing whether computer
science courses should satisfy mathematics course requirements for high school graduation.
We want to know what you think and how your school district is handling this change. Please send your comments to
pctm.editor@gmail.com.
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FRINGE THOUGHT: You grow up the day you have your first real laugh—at yourself.

Fall 2016
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History of Mathematics: Carl Gauss

FRINGE THOUGHT: Remember when TV bloopers were rare mistakes, not entire shows?

Lara Dick
This summer I had the opportunity to attend the 13th Quadrennial International
Congress of Mathematics Education in Hamburg, Germany. In honor my first trip
to Germany, I will focus this installment of History of Mathematics on one of
Germany’s most famous mathematicians, Carl Friedrich Gauss (see Figure 1).
Gauss was born in 1777 and quickly showed himself to be a child prodigy.
Many of you are probably aware of the legend that at age 7 when his teacher
instructed the class to sum the numbers from 1 to 100 to keep the class occupied
for a while, Gauss almost immediately replied 5,050 and was able to explain his
result using what we know as the formula for the summation of consecutive
numbers:
. I share this anecdote with my calculus students when
we begin work with summation. What I didn’t know about Gauss was that he
earned his doctorate at the age of 21 by proving what we now know as The
Fundamental Theorem of Algebra (Merzbach & Boyer, 2010).
Figure 1. Gauss's portrait published in
The Fundamental Theorem of Algebra states that every polynomial of degree Astronomische Nachrichten 1828.
n, has exactly n roots, when counted with multiplicity. The Common Core State
Standards for Mathematics (CCSSM) addresses the Fundamental Theorem of Algebra in the Number & Quantity
Standards for High School. Under the “Use Complex numbers in polynomial identities and equations” standard,
students must both know the Fundamental Theorem of Algebra be able to show it is true for all quadratics (NGACBP,
2010, p. 60). This is rather simple for quadratics with real roots, but what about quadratics with imaginary roots? How
can we SHOW these roots? To show complex roots, we must plot complex numbers, which while Gauss was not the
first to do, but he did introduce the a + bi notation that we use today (Merzbach & Boyer, 2010). But how can we show
and make sense of the location of complex roots of a quadratic that does not cross the x-axis? Well, we can use
information we already know about the structure of quadratics that do cross the x-axis.
The CCSSM Standards for Mathematics Practice #7 states that we should “Look for and make use of
structure” (NGACBP, 2010, p. 8). Thus, we consider what we know about both the algebraic and geometric properties
of quadratic functions. We know that for quadratics with real roots, the x-coordinate of the vertex of the quadratic is
located halfway between the roots. This structure must be preserved for quadratics with complex roots. But how can
we understand this graphically? Consider the following quadratic in vertex form: f(x) = 2(x – 4)2 + 2 which has a vertex
at (4, 2). See figure 2.
First we expand the quadratic to get it in standard form.

Using the quadratic formula to find the roots of the quadratic, we
obtain:

Figure 2. The quadratic equation f(x) = 2(x -4)2 + 2

So the two complex roots are 4 + i and 4 — i, which we plot on the
same graph (See Figure 3). Recall that when we plot the complex
numbers (green), we treat the y-axis as the imaginary axis. This is
because multiplying by
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So if we rotate the complex roots 90 degrees (in either direction) about their midpoint (4,0), the two complex roots
indeed lie such that the x-coordinate of the vertex is halfway between the roots. See Figure 4 (green rotated to black).
Thus, algebraically, the roots differ only by i which will be discussed later.

Another way to look at this result is to create a reflection of the original quadratic about a horizontal line of
symmetry at the vertex. The resulting reflected quadratic, g(x) = -2(x – 4)2 + 2 (red), has real roots identical to the roots
of our original quadratic, (f(x)), IF we ignored the imaginary component (see Figure 5).

Figure 5. f(x) and g(x) with its real roots plotted and rotated 90 degrees clockwise.

We can illustrate this result for any quadratic, which is probably most easily done by first reflecting the original
quadratic, that does not cross the x-axis, about the horizontal line of symmetry at the vertex, then determining the roots
of the reflected quadratic and finally rotating them 90 degrees about their midpoint in either direction to show the
PCTM Magazine
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FRINGE THOUGHT: Never try to teach a pig to sing. It wastes your time and annoys the pig.

Figure 4. f(x) with its two imaginary roots plotted and
rotated 90 degrees counterclockwise.

Figure 3. f(x) with its two imaginary roots plotted.

Let’s look at one more example:
. The following graph seen in Figure 6 below shows
the original function ( h(x) in green) and the resulting reflection about y = –4 ( j(x) in blue dash).
The roots of the reflected quadratic, j(x), are (3,0) and (11,0) (See Figure 7: orange). If we rotate these points 90
degrees (again, in either direction) about their midpoint, (7,0) as seen in Figure 7, we obtain (7,4) and (7,-4) (black).
Thus, the complex roots of our original quadratic, h(x), are 7 + 4i and 7—4i.

Figure 6. Graphs of h(x) and j(x)

Figure 7. The real roots of j(x) rotated around their midpoint which
shows the placement of h(x)'s complex roots.

If you are like me, you are probably interested in seeing a bit of the algebra behind this geometric structure. Figure
8 contains the algebra for solving for the roots of a generic quadratic in vertex form (p(x)) and it’s reflection about the
horizontal line at its vertex (q(x)) using the quadratic formula.

FRINGE THOUGHT: Endings

are usually sad, beginnings are scary, but it’s what is in the middle that really counts.

location of the complex roots of the original function plotted on a complex axis.

Figure 8. Algebra for finding the roots of p(x) and q(x).
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As we see, the roots of p(x) and q(x) differ only by i. Thus, only by a 90 degree rotation, which is what we’ve seen
graphically.
I hope you find this as useful to ponder as I did. I appreciate the Make Sense of Structure SMP (NGACBP, 2010, p.
8) because it forces us as mathematics teachers to think critically about what we know about mathematics content and
how the structure of mathematics is preserved, for this case with quadratic functions, whether we are looking at real or
imaginary roots. As Gauss showed us with the Fundamental Theorem of Algebra, there are two roots for quadratic
functions. And because of what we know about the structure of quadratics, we’ve shown that the x-coordinate of the
vertex is always located halfway between the roots regardless of if the roots are real or imaginary.

References
Merzbach, U. C. and Boyer, C. B. (2010) A History of Mathematics. 3rd. Edition. John Wiley & Sons, Hoboken, NJ.
National Governors Association Center for Best Practices Council of Chief State School
Officers. 2010. “Common Core State Standards Mathematics”. Washington, DC: National Governors Association
Center for Best Practices, Council of Chief State School Officers.
Weeks, Audrey. (2010). Algebra in Motion [Computer software]. Available from http://www.calculusinmotion.com/

Lara Dick is an Assistant Professor in the Math
Department at Bucknell University.

What are you doing with your students?
Send a picture and a short description to pctm.editor@gmail.com
We need your help filling this space!
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FRINGE THOUGHT: We need old friends to help us grow old and new friends to help us stay young.

Note:
If you are interested in more of the algebra behind these results, see Audrey Weeks’ “Algebra in Motion”
instructions manual. I created all of my graphs using Google’s Desmos Graphing Calculator, which I highly recommend
if you haven’t tried it because it is free and easy to use, but I based the graphs I created off Weeks (2010) Geometer
Sketchpad animations.

2016 Pennsylvania Statistics Poster Competition
Pete Skoner
The Pennsylvania Statistics Poster Competition announces the 2016 winning posters listed below. A total of 548 posters
were submitted, including 89 from grade K-3, 234 from grade 4-6, 131 from grade 7-9, and 94 from grade 10-12.
Winners were notified in April and received cash prizes in the amounts of $96 for first, $72 for second, $48 for third, and
$24 for fourth place in each of the four grade level categories. Honorable Mention posters were also identified in each
category. To view pictures of the winning posters, visit https://www.francis.edu/PA-Statistics-Poster-Competition/.

FRINGE THOUGHT: Humor: The hole that lets the sawdust out of a stuffed shirt.

The annual state competition is in its 20th year, coordinated for the 7th year by the Science Outreach Center at Saint
Francis University. The awards and contest are supported by donations from the following professional organizations:
PCTM (Pennsylvania Council of Teachers of Mathematics),
LHMA (Laurel Highlands Mathematics Alliance),
Harrisburg Chapter of the American Statistical Association (ASA),
MCWP (Mathematics Council of Western Pennsylvania),
Philadelphia Chapter of the American Statistical Association (ASA), and
Pittsburgh Chapter of the American Statistical Association (ASA).
Winning posters from the Pennsylvania competition were submitted to the national poster competition, coordinated by
the ASA; visit http://www.amstat.org/ for more information. Three of the 12 posters honored at the national level came
from the Pennsylvania competition; those posters are indicated below.
The competition deadline for submission each year is the last day of February; for the coming year, it will be Tuesday,
February 28, 2017. Posters are judged in early March, tentatively scheduled for Saturday, March 11, 2017. Members of
the sponsoring professional organizations are invited to participate as judges, as are students and faculty of Saint Francis
University. For information, please contact the Pennsylvania competition coordinator Peter Skoner
(pskoner@francis.edu) or the Science Outreach Center at Saint Francis University (scienceoutreach@francis.edu or
814-472-3878); or visit the Pennsylvania competition home page https://www.francis.edu/PA-Statistics-PosterCompetition/ or the national competition home page at http://www.amstat.org/.
Grades K-3 Winning Posters 2016
1 Place: Can You Really Improve Your Chances of Winning Rock-Paper-Scissors? by Madeline Krassner from
Overlook Elementary, Teacher Joshua Perlman; Second Place in the ASA National Poster Competition
2nd Place: Cheesy and Sweet, Which Would You Like to Eat? by Andrea Hatton from McKinley Elementary, Teacher
Jen Tanay
3rd Place: Do People Still Say Thank you? by Aeryn Gibbons from Roslyn Elementary, Teacher Tyheshia Carmichael;
Third Place in the ASA National Poster Competition
4th Place: Ice Cream vs Popsicles, by Katelyn Mill from East Pike Elementary, Teacher Elizabeth Woods
st

Figure 1. Grades K-3 1st Place poster by Madeline Krassner.
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Figure 2. Grades K-3 3rd Place poster by Aeryn Gibbons.
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Grades 4-6 Winning Posters 2016
1st Place: School=SAT Scores, by Talitha Cheng from Rydal Elementary, Teacher Pamela DaSilva
2nd Place: Fame or Fam? by Zoe Wamsher from Copper Beech Elementary, Teacher Richard Welsh
3rd Place: Extinction Soup, by Sarah Lyles from Will Hill Elementary, Teacher Cheryl Alexion
4th Place: Pennsylvania’s Deer, by Braden Delgado from Rydal Elementary, Teacher Pamela DaSilva

Grades 7-9 Winning Posters 2016
1st Place: Don’t Be A Fool, Save Fuel, by Gabbi Cilio and Tim Bucanhan from Norwood-Fontbonne Academy, Teacher
Mary McKenzie; Third Place in the ASA National Poster Competition
2nd Place: Heteronyms 8th Grade vs. 4th Grade, by Sidney McConnell and Isabelle Cunningham from Northern Cambria
Middle School, Teacher Mary Ann Williams
3rd Place: E-books vs. Print Books, by Elise Smigiel from Norwood-Fontbonne Academy, Teacher George Clark
4th Place: Picture Perfect Memories, by Michael Shirley and Miranda Guthrie from Saltsburg Middle School, Teacher
Stephanie Jake
Grades 10-12 Winning Posters 2016
1st Place: Relationship between Cigarette Costs and Deaths,
by Avinash Saraiya, Nick Tull, and Josh Peffley from Cedar
Crest High School, Teacher Karen Leiboff
2nd Place: Gauging the Gaming, by Alyssa Huff from State
College Area High School, Teacher Eric Davy
3rd Place: Don’t Miss the Bus…Or Should You? by James
Graef and Jay Deng from State College Area High School,
Teacher William Harrington
4th Place: What’s Your Slope Style? by Dagny Felker, Victoria
Maras, and Grace Fletcher from State College Area High
School, Teacher Eric Davy
Dr. Peter Skoner is a
Professor of Physics at
Saint Francis University
in Loretto, Pennsylvania.
He coordinates the
Pennsylvania Statistics
Poster Competition at
Saint Francis University.
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Figure 5. Grades 10-12 1st Place poster by Avinash
Saraiya, Nick Tull, and Josh Peffley.
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FRINGE THOUGHT: Children are like cement—whatever falls on them makes an impression.

Figure 4. Grades 7-9 1st Place poster by Gabbi Cilio and Tim
Bucanhan.

Figure 3. Grades 4-6 1st Place poster by Talitha Cheng.

Incorporating Examples from Microeconomics into the Study of
Polynomials and Ratios: Several Successful Approaches.
FRINGE THOUGHT: All of us are smart at ages 5 and 18. At 5 we know all the questions, and at 18 we know all the answers.

Gopalan Kutty and Philippe Savoye
In this article, we explore how coverage of graphing polynomials and of examining the ratios of two quantities, two
essential topics in algebra courses, can be enhanced by studying elementary notions of microeconomics.
Maximizing Profits
When students are first taught to graph polynomials, the trajectories of thrown objects under the influence of
gravity are one of the most frequently used applications in which a phenomenon is modeled by a parabola. In this
article, we provide suggestions as to how an overview of elementary microeconomics could be used to enhance and
motivate students’ understanding of an important mathematical concept.
Students enrolled in Algebra II courses are keenly aware of the inverse relationship between the price of a good and
the demand for it, as well as of the need for organizations to be as profitable as possible. The example below can be
presented in class to illustrate how both concepts can be brought to life using previously learned methods for graphing
linear and quadratic equations.
EXAMPLE1.
The manufacturer of a fashionable brand of sunglasses discovers that if x pairs are produced, the sales price p will be
determined by the equation
p = 40—0.01x

(1)

The rent and other fixed costs for the factory are $ 10,000, and the cost of manufacturing each pair is $ 0.80.
a. How many pairs of sunglasses would have to be manufactured in order to for the market price to fall to $ 0, and at
what price would the quantity demanded fall to zero?
b. What production level will lead to the highest profit possible?
c. For what price will the sunglasses sell when this production level is reached?
Instructors may wish to guide their classes through the solution process, and may begin by instructing the students to
graph equation (1), as is shown in figure 1.

Figure 1. Graph of p = 40 – 0.01x.

Students could be instructed to surmise an answer to question a from the graph in figure 1, and to then reconfirm
their answer by solving the equation 40—0.01x = 0, thereby reaching the conclusion that 4000 pairs of sunglasses would
be consumed at a price of $0. Similarly, the students could be lead to the conclusion that the quantity demanded would
fall to zero if the price were to rise to $40.
After posing the question “If x pairs of sunglasses are sold at a price p, what will the company’s revenue be?”,
use of (1) could yield the result
R(x) = (40—0.01x)x = -0.01x2 + 40x (2)
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Students could then be asked the question: “How much will the cost of production be if no sunglasses are
manufactured? What if one pair is manufactured? How about two, three, etc.?”
From students’ responses and the ensuing discussions, the class could formulate the expression for the cost C of
producing x pairs of sunglasses
(3)

Additional deliberations would remind students that the profit Π(x) generated by producing x pairs of sunglasses
would be the difference between revenue and cost, Π(x) = R(x) - C(x).
From results (2) and (3), the profit could be expressed as a second degree polynomial function of x:
Π(x) = -0.01x2 + 39.2x—10,000.

(4)

The class could be instructed to graph equation (4) using a graphing calculator or a computer algebra system (CAS),
yielding the graph shown in figure 2.

Figure 2. Graph of Π(x) = -0.01x2 + 39.2x—10,000.

From the graph, students would estimate that the highest point occurs for a value of x that is slightly less than 2000.
Various such values of x could be substituted into (4) so as to fill Table 1.
x

Π(x)

1,950

28,415

1,955

28,415.75

1,957

28,415.91

1,958

28,415.96

1,959

28,415.99

1,960

28,416

1,961

28,415.99

1,962

28,415.96

1,963

28,415.91

1,965

28,415.75

1,970

28,415

Table 1. Profit vs. production level (original production model).

It is evident from Table 1 that 1,960 is the integer value of x yielding the largest value of Π(x) . The class could be
led to the conclusion that x = 1,960 is the profit-maximizing value by solving the equation
–0.01x2 + 39.2x — 10,000 = 0 using the quadratic formula to find that the two x-intercepts of the downward-opening
parabola have decimal expansions of x ≈ 274.3 and x ≈ 3645.7. Taking the midpoint of these values yields x = 1,960.
Substituting x = 1,960 into (1), students will find that the optimal price is p = $20.40.
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FRINGE THOUGHT: The person who doesn’t know something can’t be done will often find a way to go ahead and do it.

C(x) = 0.8x + 10,000.

EXAMPLE2.
In the previous example, suppose that a new manufacturing method is developed which significantly reduces the
production cost per unit for large quantities, and that the cost function in (3) is replaced by
C(x) = –0.0000007x3 + 0.8x + 10,000.

(5)

Instructors could point out that the –0.0000007x3 only becomes significant for large values of x and reflects
increases in productivity that are associated with higher production levels.
The new function for profit is

FRINGE THOUGHT: The happiness of your life depends upon the quality of your thoughts.

Π(x) = 0.0000007x3 + 39.2x—10,000.

(6)

Students could produce the graph of Π(x) shown below in figure 3 using a graphing calculator or a CAS.

Figure 3. Graph of Π(x) = 0.0000007x3 + 39.2x—10,000.

Examining the graph closely, students would be able to accurately estimate that a local maximum of the profit
function occurs for a value of x that is slightly below 3,000. The class could then be directed to refine its search for
the profit-maximizing production level x by filling out the table below.

Table 2. Profit vs. production level (modified production model)
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Elasticity of Demand
The subject of ratios also lends itself to the study of microeconomics. In particular, teachers will be able to apply
the concept of a ratio to analyze whether consumers’ purchasing decisions are sensitive to price changes (i.e., whether
relative changes in the quantity demanded for a good are commensurate with relative changes in the good’s price).
It is appropriate to assume that the quantity demanded x can be modeled as a function of a product’s price p and of
consumers’ income y: x = f(p, y).
The price elasticity of demand e could be presented as a measure of how sensitive demand is to price changes, and
should be formally defined as the ratio of the relative change in the quantity demanded to the relative change in price
assuming that other variables, including income, remain constant. Algebra teachers could present the formula

,

(7)

Where ∆x and ∆p denote the changes in x and p, respectively. It follows that
and
represent the relative
changes in x and p, respectively. A more rigorous definition of elasticity accessible to calculus students would be
.
The precise numerical value of e is of little significance; the only important consideration is whether e < 1, e = 1, or
e > 1. If e > 1, then the demand is said to be elastic; a 1% increase in price would yield a reduction in demand of more
than 1%. If e = 1, then the demand is said to be unit elastic; a 1% increase in price would be associated with a
reduction in demand of exactly 1%. If e < 1, then the demand is said to be inelastic; a 1% increase in price would
result in a reduction in demand of less than 1%. Students would be able to make the analogy between elastic demand
and the stretching properties of a rubber band, as well as between inelastic demand and the rigidity of a rod in which
extensions would be less than proportional to any increases in the force applied when pulling it at both endpoints.
These concepts could be illustrated with a hypothetical example in which a price increase of 1% was associated with

a 2% reduction in x. In this case, the elasticity coefficient e would be determined to be

.

In our specific example, the relative reduction in demand
was more than proportional to the increase in price,
so we obtained a value of e that exceeded one, an indication that the demand was elastic.
In examples 1 and 2, we had considered scenarios in which the price p was a linear function of the quantity
demanded x, as could be seen from equation (1). Instructors could show that even in such cases, the elasticity
coefficient e is not a constant. Consider the graph in figure 1 as we approach the vertical intercept ( x = 0 and p = $40);
the elasticity coefficient e becomes arbitrarily large, given that any nonzero price increase ∆p would yield relative
reductions in demand
that approach infinity. Similarly, as we approach the horizontal intercept ( x = $40.000 and
p = $0), the elasticity coefficient e approaches zero because price reductions would be associated with no change in the
relative quantity demanded.
Teachers could then present their classes with scenarios in which the extreme cases of elasticity coefficients
approaching zero or infinity would always hold. Students could be asked how much diabetic patients would be willing
to pay for insulin during a time of shortages, and would quickly reach the conclusion that price increases would result in
no reduction in demand, so that the coefficient e would approach zero; the graph of p versus x would be almost vertical
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FRINGE THOUGHT: There are three kinds of people: Those who make things happen. Those who watch things happen. Those who wonder what happened.

From Table 2, students would be able to determine that the value of x yielding the highest possible profit falls
between 2,750 and 2,760. Students could be alerted to the fact that such values are considerably higher than the one
obtained in example 1, and that upon substitution into equation (1), a lower value of p would be obtained. In this
manner, instructors would be able to illustrate how the inclusion of a cubic term in the production model represented by
equation (5) results in higher production levels and a lower equilibrium price.

FRINGE THOUGHT: You can always find the sun within yourself if you will only search.

in this case. Similarly, students could be asked if they would be willing to buy a product following a price increase if
an equivalent product were available from a competitor at the original price. Most, if not all, would respond that they
would purchase the equivalent product, confirming that the elasticity coefficient would attain the value zero and that the
graph of p versus x would be horizontal.
Conclusions
The study of microeconomics allows instructors in algebra courses to illustrate the applicability of the study of
polynomial functions and their graphs. Including such applications in algebra courses will help to convey to students
the central role of mathematics in becoming responsible and productive citizens. We find, for example, that analyzing
functions by simultaneously examining their graphs and tabulating their values fosters a conceptual understanding of
local extrema in a manner that would not be possible if coverage were limited to investigating algebraic representations
of such functions. Similarly, the study of the elasticity of demand provides an example through which students will be
able to model a concept familiar to them as consumers through a ratio. A wide variety of additional examples of
microeconomics topics which lend themselves to the study of algebra can be found in the text by Madalla and Miller.
Reference:
Madalla, G. and Miller, E. (1989). Microeconomics: Theory and Applications. New York, NY: McGraw Hill.
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Ideas for Your Classroom:
Deal or No Deal
Amanda Schantz, Temple University

Playing the Game:
1. To begin, the teacher should...
A. Split class into groups of 2-4 students, depending on class size.
B. Have each group of students create a team name.
C. Give each group a whiteboard, marker, and paper towel. Another possibility is having one student from
each group write their associated group answer on the class board.
D. Choose the class suitcase by picking one of the “suitcases” labeled 1-26. Or instead select a student
volunteer to pick the class “suitcase.”
E. Click start game and then the class suitcase number. The selected suitcase will move to the upper left
hand corner of the screen for safe keeping.
2. Ask the first question from your problem sheet.
A. Give them x amount of time to solve it (x amount of time - this is up to you, but 1-2 minutes is suggested
since they’re working in groups).
B. Have students write their answers on white boards and hold them up when the allotted time is up.
C. Each group that has a correct answer gets to pick one slip of paper from the pile. This will decide which
case is opened next (remember not to put the picked slip of papers back in the pile).
D. After 6 cases have been opened, the game will provide an offer and prompt the students with “Deal or No
Deal?” One suggestion to keep your students engaged is to use rewards (e.g. stickers, lollipops,
homework passes, bonus points, etc) based on the following categories:
i. Offer under $50,000
ii. Offer between $50,000 and $100,000
iii. Offer between $100,000 and $125,000
iv. Offer between $125,000 and $150,000
v. Offer between $150,000 and $200,000
vi. Offer over $200,000
Another suggestion is to have the rewards be consistent with the games monetary offer
(small offer = small reward; large offer = large reward)
E. Pool the class to choose “Deal or No Deal” by majority of hands. If the class chooses Deal, then select
deal and restart the game. Otherwise select No Deal and continue by either opening more cases if you
had more than six groups or ask the next question from your problem sheet.
3. Continue the same pattern for as long as you want the game to continue. (Note that you will be prompted to
open less and less cases as the game goes along - i.e. 5 cases, 4, 3, 2, 1, until the end)
4. If the game continues until the very end:
Alter your rewards here if you’ve made it to this point (i.e. If your case holds the higher dollar amount you
will “win” this _________ but if your case holds the lower dollar amount you will “win” this
__________).
Happy Playing! :)
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FRINGE THOUGHT: Smile. Who knows? Just when you need it, it may be returned to you.

Review Game Directions
Advanced Preparation:
Create a problem set/answer key for your reference.
Make the “briefcases.” Cut 26 small pieces of paper and label them 1 to 26. Fold them individually and place all of
the pieces in a hat (you can really use anything to hold the pieces, such as a bag, bucket, or if you don’t have a
fillable object, simply place the pile of the papers on your desk – this of course varies by your preference).
In the internet browser of your choice, open the Deal or No Deal game page by going to
http://www.xpmath.com/forums/arcade.php?do=play&gameid=70

A Historical Statistical Journey Through Data, Chance,
and Uncertainty

FRINGE THOUGHT: Change is often desirable, frequently necessary, and always inevitable.

Kevin Robinson
Fall 2016 – statistical greetings to each of you! Our minds are surely turning to things of fall such as back-to-school,
football, fall foliage, and the November election. As mentioned in my spring column, we will continue our historical
statistical journey by discussing why “regressing” is a “normal” thing in today’s world.
First, the normal distribution is certainly a major component of
statistical thinking and application. I recommend the very readable
article The Evolution of the Normal Distribution (Stahl, 2006). See
http://www.maa.org/programs/maa-awards/writing-awards/theevolution-of-the-normal-distribution for a comprehensive coverage of
the various historical paths that lead to the normal distribution as we
know it today. The paths generally motivate the normal distribution as
a tool for computing probabilities or its utility in describing data sets.
Two scientists associated with the normal model are Carl Friedrich
Gauss and Pierre-Simon Laplace (see Figure 1). Gauss’ impact
originated in his work on the theory of errors within the field of
Figure 1. Carl Friedrich Gauss (1777 – 1855) &
astronomy and Laplace’s lasting work is the Central Limit Theorem. Pierre-Simon Laplace (1749 – 1827).
The term “normal” is unfortunate as it may lead to the misconception
that other distributions and models are wrong and undesirable. Roy C. Geary, eminent Irish statistician and economist of
the twentieth century, stated “Normality is a myth; there never has, and never will be, a normal distribution.” However, I
think there is no argument that the normal model has proven useful over time and in many fields of study including
education, physical sciences, social sciences and medicine. (see Figure 2).

Figure 2. Familiar Properties of the Normal Distribution.

A remarkable proponent of the normal distribution was the English gentleman and scholar Sir Francis Galton (see
Figure 3), who stated in his book Natural Inheritance, 1894, speaking of the normal distribution, “I know of scarcely
anything so apt to impress the imagination as the wonderful form of cosmic order expressed by the "Law of Frequency of
Error."The law would have been personified by the Greeks and deified, if they had known of it.” (p. 66) Galton, one of
the most exceptional statisticians of his time, his scientific achievements and influence on statistics are still felt strongly
today. Notably Galton introduced many important statistical concepts that are now standard in many statistical analyses;
including correlation, regression and percentiles. Regression is the study of relationships between variables and is
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perhaps the most powerful and most used tool in the statistical tool box. The term goes back
to Galton and his work into what degree height is an inherited characteristic as he examined
the heights of parents and their grown children. He noticed that tall parents’ children were tall
but shorter than their parents. Likewise, short parents’ children tended to be short but taller
than their parents. Galton used the term “regression," meaning to come back to, to describe
his discovery and published his results in a paper, Regression Towards Mediocrity In
Hereditary Stature, 1886. It is now understood that any phenomena that is influenced by
random fluctuations is subject to the regression effect. An interesting fact about Galton is that
he was a cousin of Charles Darwin and like Darwin, attended Cambridge, but did not do
exceptionally well and spent a period of time traveling before settling down to do scientific
Figure 3. Sir Francis Galton
work.
(1822 – 1911).

References:
Ellenberg, J. (2014). How not to be wrong: The power of mathematical
thinking. Penguin.
Figure 4. How Not to Be Wrong: The Power of
Galton, F. (1886). Regression towards mediocrity in hereditary stature. The Mathematical Thinking by Jordan Ellenberg,
Journal of the Anthropological Institute of Great Britain and Ireland, 2014.
15, 246-263.
Stahl, S. (2006). The evolution of the normal distribution. Mathematics
magazine, 79(2), 96-113.
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FRINGE THOUGHT: A little oil of courtesy would eliminate a lot of friction.

I would like to close this column by recommending the book (see
Figure 4) How Not to Be Wrong: The Power of Mathematical Thinking
(Ellenberg, 2014) – a recent reading of mine this summer. The book gives
an exceptional tour of mathematical thinking and developments,
concentrating upon the focus of this ongoing column: data, chance, and
uncertainty. In particular, a large section of the writing is devoted to the
story of Galton and regression. Enjoy!
As always, I hope the historical statistical journey material is enjoyable
and energizing to you, your students, and your courses. My hope is that the
material will encourage your students to believe that they can learn
anything and recognize that struggle is part of the learning process.
You can find a number of resources, including a timeline of statistics,
at the following website: http://sites.millersville.edu/krobinson/
STATHIST/. Statistically Yours ~ KSR

Extended Pythagorean Relations and Basic Statistics

FRINGE THOUGHT: The beginnings of all things are small.

Ken Sullins
The two previous articles (PCTM Magazine, Fall 2015 and Winter 2016) gave generators for Pythagorean Triples
and Pythagorean Relations, and the idea of extending the relations using substitution. Here, an extended relation will be
used to create a data set for a discussion of basic statistical concepts.
That the data being created will be symmetrical around the mean is important. Some of the simplicity and possible
problems of calculating statistical values for the symmetrical data needs to be discussed.
Choose a value for the mean – a mean of 60 will be used for this example. The Extended Pythagorean Relation
(EPR: 1 , 2 , 2 , 4 , 12 , 13 … 12 + 22 + 22 + 42 + 122 = 132) can be used to create ten data values, five on each side of
the mean. In this example, a data set of twenty values (or any multiple of ten can be created) will be symmetrical
around the mean by adding and subtracting the extended relation values from a chosen mean. The data values based on
the first five values in the EPR above are 60 + 1, 60 – 1, 60 + 2, 60 + 2, 60 – 2, 60 – 2, 60 + 4, 60 – 4, 60 + 12, and
60 – 12. These ten values are duplicated to give the twenty data values.
With the mean of 60, the ten corresponding symmetrical values are 48, 56, 58, 58, 59, 61, 62, 62, 64, 72. The
unordered data set of twenty values is 48, 56, 58, 58, 59, 61, 62, 62, 64, 72, 48, 56, 58, 58, 59, 61, 62, 62, 64, 72. Many
of the basic statistical concepts require the data to be ordered. Creating a frequency chart or a stem-and-leaf chart for
the data set is a good starting point. Below are those two common representations for the data set.
FREQUENCY CHART

58
58
48 56 58 59 61
48 56 58 59 61

62
62
62 64 72
62 64 72

STEM-AND-LEAF CHART
4
8 8
5
6 6 8 8 8 8 9 9
6
1 1 2 2 2 2 4 4
7
2 2
key 4 8 = 48.

Frequency charts and stem-and-leaf charts are often used to determine and show the median of the data set. With
each data value having a weight of one, the median of a data set can be compared to the fulcrum of a balance beam.
This comparison can be used whether the data set is symmetric or not.
Because the data set is symmetric, the frequency chart can be used.
FREQUENCY CHART

58
58
48 56 58 59 61
48 56 58 59 61

62
62
62 64 72
62 64 72

The Number of Data Values, n = 20 vs. N = 20.

Median
Lower case n indicates the data set is from a sample.
Upper case N indicates the data set is from a population.
The Median is like a fulcrum in the middle of a balance beam.

The First Quartile can be compared to another balance beam and fulcrum for the data that are less than the median
and the Third Quartile can be compared to another balance beam and fulcrum for the data that are greater than the
median. To use the balance beam comparison here, because the data are not symmetrical, the data would need to be
written horizontally. It should be noted that this is one method for determining the first and third quartiles, the median
of the lower half of the data and the median of the upper half of the data.
48 48 56 56 58 58 58 58 59 59
61 61 62 62 62 62 64 64 72 72
First
Quartile
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FIVE NUMBER SUMMARY can be determined by counting with the frequency chart.
THE MINIMUM VALUE
48
THE FIRST QUARTILE
58
THE MEDIAN
60
THE THIRD QUARTILE
62
THE MAXIMUM VALUE 72
It is important to note that because the data is symmetrical around the mean, then the MEAN and the MEDIAN will have
the same value.
Folding
Folding can be used as a way to introduce students to the ideas of the First Quartile, the Median, and the Third
Quartile. Place the data in equally sized cells of a spreadsheet and print the row of cells. The students then fold the
sheet in half and fold in half again to determine the required values. If there is a fold in a cell, that data value is used. If
there is a fold between cells, then the average of the values in the two cells on either side of the fold is used.

To create the Box Plot, a number line segment from the minimum data value through the maximum data value is
used. In this example, the minimum is 48 and the maximum is 72.

The mid-range is the average of the minimum value and the maximum value,
The mid-range is the
mid-point of the number line segment, half of the distance from the minimum value to the maximum value. The quarter
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FRINGE THOUGHT: If your foot slips, you may recover your balance. If your tongue slips, you cannot recall your words.

MEAN (was chosen)
A method for adding the data values in a stem-and-leaf chart is to multiply each stem by its frequency and add the
leaf values. Then add all of the stem-and-leaf values.
4
8 8
40 x 2 + 16 = 96.
5
6 6 8 8 8 8 9 9
50 x 8 + 62 = 462.
6
1 1 2 2 2 2 4 4
60 x 8 + 18 = 498.
7
2 2
70 x 2 + 4 = 144.
1200
MODES for the data
With the frequency chart it is quickly seen that this data set is BIMODAL.
The two modes are 58 and 62.

value is the average of the mid-range and the minimum value,
a quarter of the distance from the
minimum value to the maximum value. The three-quarter value is the average of the mid-range and the maximum

FRINGE THOUGHT: We’ll jump traffic lights to save seconds, but wait patiently for hours on the first tee.

value,

three-quarters of the distance from the minimum value to the maximum value.

The Box Plot is the Five Number Summary values plotted on the number line segment.

The Mean Deviation is the sum of the differences between each data value and the mean,
The Extended Pythagorean Values were used four times to create the twenty data values, so the Mean Deviation
will use the sum of the Extended Pythagorean Values (in this example, 1 + 2 + 2 + 4 + 12 = 21) four times. That is,
4 x ( 1 + 2 + 2 + 4 + 12 ) or 4 x 21 = 84. The Mean Deviation is an approximation for the standard deviation of the
data set. The Mean Deviation for this example is
The Standard Deviation,
is where the Extended Pythagorean
Relation plays a major role. The EPR was used four times to create the symmetrical data set, so
The Standard Deviation for the sample data set
will be

The Standard Deviation for the population data set will be

Generating Larger Symmetrical Data Sets
Multiple Pythagorean Triples and EPRs having the same largest value could be used to generate a symmetrical data
set.
A Pythagorean Triple
( 5 , 12 , 13 ) … 4 data values
Data Values

60 – 5 = 55, 60 + 5 = 65, 60 – 12 = 48, 60 + 12 = 72.

Extended Pythagorean Relations

( 3 , 4 , 12 , 13 ), ( 1 , 2 , 2 , 4 , 12 , 13 ), and ( 1 , 1 , 1 , 3 , 4 , 4 , 5 , 10, 13 )

Data Values for the EPR ( 3 , 4 , 12 , 13 ) … 6 data values
60 – 3 = 57, 60 + 3 = 63, 60 – 4 = 56, 60 + 4 = 64, 60 – 12 = 48, 60 + 12 = 72.
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Data Values for the EPR ( 1 , 2 , 2 , 4 , 12 , 13 ) … 10 data values
60 – 1 = 59, 60 + 1 = 61, 60 – 2 = 58, 60 + 2 = 62, 60 – 2 = 58, 60 + 2 = 62,
60 – 4 = 56, 60 + 4 = 64, 60 – 12 = 48, 60 + 12 = 72.
Data Values for the EPR ( 1 , 1 , 1 , 3 , 4 , 4 , 5 , 10, 13 ) … 16 data values
60 – 1 = 59, 60 + 1 = 61, 60 – 1 = 59, 60 + 1 = 61, 60 – 1 = 59, 60 + 1 = 61,
60 – 3 = 57, 60 + 3 = 63, 60 – 4 = 56, 60 + 4 = 64, 60 – 4 = 56, 60 + 4 = 64,
60 – 5 = 55, 60 + 5 = 65, 60 – 10 = 50, 60 + 10 = 70.

Frequency Chart
56
48
56
48
55 56 57 58
48 50 55 56 57 58
Modes
Mean

59
59
59
59

61
61
61 62 63
61 62 63

64
64
72
64 65
72
64 65 70 72

n = 36.

56, 59, 61, 64
60

The Pythagorean Triple and the EPRs were used a total of eight times to create the symmetrical data set, four times
for data values less than the mean and four times for data values greater than the mean. The Standard Deviation for the
sample data
Teachers are often looking for data or trying to generate data for specific examples or reasons. Extending
Pythagorean Relations and using EPRs to create symmetrical data gives the teacher known values or easily manipulated
values for classroom discussions; no need to start from scratch. Using symmetrical data is a good beginning for
discussions, but it is important to discuss that symmetrical data may be rare and that the calculations, including the
charts and Box Plot, will verify the distribution of the data. Beware of creating misunderstandings with symmetrical
data! It is important to use non-symmetrical data examples.

Kenneth Sullins, M.A.T., works with students in
science, mathematics, and technology areas. He is a
part-time mentor at Empire State College. He can be
contacted at Kenneth.Sullins@esc.edu or
doc_discrete@epix.net.

If you are interesting in becoming a member
of or renewing your membership to PCTM,
please go to the website or send an email to
pctmmembership@gmail.com.
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FRINGE THOUGHT: Poise: The art of making others feel as much at ease as they think you are.

If the chosen mean is 60, then we would have the following data set when n = 36:
48, 48, 48, 50, 55, 55, 56, 56, 56, 56, 57, 57, 58, 58, 59, 59, 59, 59,
61, 61, 61, 61, 62, 62, 63, 63, 64, 64, 64, 64, 65, 65, 70, 72, 72, 72

Submissions Solicited for PCTM Magazine
Since the 1990’s, the Pennsylvania Council of Teachers of Mathematics (PCTM) has produced the
PCTM Magazine for our members. Our mission is to promote mathematics education in Pennsylvania. In the
magazine we accomplish this by publishing edited articles by leading authors and local news from around the
state. PCTM is committed to improving mathematics instruction at all levels. We place an emphasis on classroom activities that are aligned to the Pennsylvania Core State Standards and the NCTM Principles and Standards for School Mathematics.
You are invited to submit articles for consideration for publication in the PCTM Magazine. This publication provides an excellent opportunity for you to share your ideas with the ever-growing number of colleagues dedicated to improving mathematics education in Pennsylvania. Any topic of interest to teachers of
mathematics, especially K-12 classroom teachers in Pennsylvania, is suitable subject material. All readers are
encouraged to contribute articles and opinions for any section of the magazine. Teachers are encouraged to
submit articles for Voices From the Classroom, including inspirational stories, exemplary lessons, or management tools.
Original artwork on the cover is another way teachers may contribute. We publish the magazine three
times each school year, in the winter, spring, and fall.
Deadline for submissions:
Winter, December 15
Spring, April 15
Fall, August 15
Author Guidelines:
Manuscript Format: Manuscripts should be double-spaced, with 1-inch margins on all sides, typed in 12point font and follow the APA 6th Edition style guide. Manuscripts should be submitted in Microsoft Word. If
you have a picture or graphic in the text, please include the original picture(s) in a separate file. A cover letter
containing author’s name, address, affiliations, phone, e-mail address, and the article’s intended audience
should be included in the e-mail.
Manuscript Submission: Manuscripts should be submitted electronically as an e-mail attachment to
pctm.editor@gmail.com. Receipt of manuscripts will be acknowledged. After review by the editors, authors
will be notified of a publication decision.

Dates of Upcoming Conferences
PCLM Conference, October 21, 2016, Messiah College
NCTM Regional Conference October 31-November 2, 2016, Philadelphia, PA
EPaDel (Eastern Pennsylvania Delaware section of the Mathematical Association of America) November 12, 2016,
Villanova University
Joint Mathematics Meeting January 4-7, 2017, Atlanta, GA
EPaDel (Eastern Pennsylvania Delaware section of the Mathematical Association of America) April 1, 2017, Kutztown
University
NCTM Annual Meeting April 5-8, 2017, San Antonio, TX
PCTM Conference August 2-3, 2017, Harrisburg, PA
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