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Welcome from the Editors
Edel Reilly and Debbie Gochenaur
Dear Readers:
We would like to welcome you all to this Spring issue of PCTM Magazine. As we all continue to meet the needs of our students under the current teaching conditions, we appreciate
all those who have contributed to this issue. We have a great group of authors who are willing to share their work.

This issue is the first of several that will focus on the theme of Equity in Mathematics.
Daniel Kaufmann shares several suggestions to help all students start out on a strong
foot at the beginning of class and stay motivated throughout. Karen Walton describes the
stories of the trailblazing women in the book and film Hidden Figures. Lorraine Harmer
introduces us to the Question Formulation Technique and shares resources on how to
provide opportunities for collaboration, critical thinking, communication, and creativity
among our students. Valerie Long discusses ways in which diagnostic testing can be used to
help support students at an early age.
Please join us virtually for a great conference on August 5th where these authors and
many other innovative mathematics educations will share what they do. See the registration information for the 2021 Annual Conference on page 9.

About the cover: Equality means that every individual or group receives the same opportunities or resources for learning. Equity recognizes that each individual has their
own needs that stem from different circumstances and provides the resources and opportunities that fit each individual’s needs.
We do hope that you find something valuable in this issue that you can try in your classroom.

Please email us your comments,
suggestions, articles, etc. to
pctm.editor@gmail.com. More
information on submission
guidelines may be found on the
last page of this issue.
We look forward to hearing
from you!
~Debbie
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President’s Message
Kelly Brent

What a year we have had as mathematics educators. Looking back over
the year I have learned so much but I cannot say the same for too many of
my dear students. This is no fault of my efforts and no fault of theirs.
However, if we do not take the lessons we’ve learned from the year and
apply them to future years and future situations that throw a curve ball
right at us, then shame on us – teachers and students alike.
One lesson I have learned is the difference between empowerment and
enabling. As the number of failures in my classroom increased to a percentage I have NEVER even been close to before, I was faced with a predicament. Do I
lower my standards due to the fact that my students were only in my class two days a week
and were struggling with learning online and submitting assignments on time and organizing
their assignments etc.? Another words enable my students to pass without really demonstrating that they understand the material. Or do I figure out a way to assess their understanding more effectively?
This forced me to look deeply at the methods I was using to assess understanding. I was
giving a lot of homework assignments and giving points for completion and effort and many
students were racking up the zeros in this category as others were racking up the 10/10.
However, in looking at the results of the in-class quizzes and exams, there were discrepancies. Some of my students who were completing all the online practice problems and
“watching” all the posted videos and making at least one comment on discussions posts,
were not passing the quizzes and tests yet getting a D in the class. Others were getting a D
on the quizzes and tests yet failing the class due to the zeros in the gradebook for everything
they were to be doing at home and they just were not.
I surveyed my students anonymously and found that many of my students were getting the
correct answers at home by using apps such as photo math and mathways and other internet
resources, or others in their family were actually doing their work. After throwing my hands
up in dismay and frustration and ranting for a bit, I rolled my sleeves up and got to work. I
told my students that assessments would be changing and that their grade needed to accurately reflect their degree of understanding of Algebra II (one of my classes). I needed to
use my limited time with the students to empower them so that they could demonstrate to
me that they understand the content.
I still assigned the online practice but instead of counting that as a “grade” I used it as a
writing prompt such as, “When you found the vertex of each parabola on the quizziz assignment, you were sometimes given an equation such as y = 3(x – 4)2 – 5 and sometimes it was
given to you as y = 2x2 – 3x + 4 and sometimes y = (x – 5)(x + 1). Which did you find the
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easiest and why? Which did you find the most difficult and why?” Now the practice
empowered the students to be able to answer this question but didn’t enable them to just
get a few points for typing some equations into an app which spits out the result. It also
was differentiated in that students could practice problems as long or as little as they
wanted without fear of being docked points for not doing 20 problems.
Although this method of assessment did not solve all my issues and some students are
still failing, I feel quite confident that the students who are passing understand the material and those who are failing do not. This also has had an effect on my students in the
way they ask questions during class before the assessment and the way they come to my
office hour more often and their confidence in general. Of course at first there was much
grumbling, and my A and B students who were doing the work all along are still my A
and B students. This just forced those who were taking short-cuts which I was enabling
with grades, to stop and actually learn the material. It also empowered those who perhaps did not have the fastest internet or the time to do all the virtual practicing due to
having to work or watch siblings through the pandemic, to demonstrate their understanding and earn the grade that reflected it. I will take this lesson into future years.
This will be my final message as President of PCTM and it has been such a wonderful
journey. I have learned a lot from my colleagues on the Board and from the teachers
across Pennsylvania who have collaborated with me as we continue to try to bring joy to
the learning of mathematics. I will always be a member of PCTM as I have been since
my first conference as a college student. I look forward to seeing you at a conference
whether it is in person or virtual. Thank you for the opportunity to serve in this incredible professional organization. Continue to promote problem solving and model problem
solving by being a problem solver!
Kelly Brent
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The Start of Class - Engaging All Learners in Mathematics
By Daniel Kaufmann
You are 12 years-old, the bell rings and it’s the start of class. On the board are three
warm-up problems that are a review from earlier in the year. It doesn’t take long to realize
that you're not sure how to even start the first one. The teacher walks in and asks you to
take out your homework. Leaving class yesterday, you felt comfortable with the material.
But, when you started the homework you realized you didn’t know the content as well as
you thought you had, so you only completed the problems you knew.
We’ve all had students in the scenario above; they can’t get started on the work for
the day, and their homework is incomplete. For some, this is an everyday occurrence. I
want you to think about what it might be like to be that student. You were just reminded
twice, in the first few minutes of class, that you aren’t good at math. This could be a recurring issue year-to-year or even in other classes throughout the day. Knowing that a student's curiosity and readiness to learn are piqued at the start of class, how are we tailoring
our instruction to take advantage of this valuable time?
Let’s take an alternative approach. For starters, homework is optional (or not assigned at all), and solutions are always posted online for student reference. This eliminates
the need to review the problems at the start of class and, in doing so, making better use of
this time. When students walk into the classroom, the problem on the board asks students
to draw the next pattern in the sequence below. After a few minutes, students are grouped,
and they explain their drawings. Maybe even consider a sentence starter if they struggle to
initiate conversation: “The next drawing I created had…”
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A carefully designed task should engage all students, allow multiple means of representation/pathways to success and promote student discourse. As teachers, we want to deemphasize product and emphasize process. As we review the task, we need to make sure we
are highlighting the work, not the solution. A deep, conceptual understanding will construct a
strong foundation upon which we can build. Let’s take a look at some other more inclusive
and engaging ways to start class.
Convince Me That (ConvinceMeThat.SCMath.org): Convince me that x = 4 is the
solution to the equation 2x + 5 = 13. For this example, the students are given the solution,
and their task is to create a convincing argument as to why it is true (process-focused, not
product). What skills would a student need to complete this task? In selecting a skill that was
previously learned and requiring students to stay in either the concrete or pictorial/
representational stage of learning, we create a place for all students to engage. We place value on their ability to draw and represent mathematics, we encourage communication of understanding and we can easily leverage groups as a way for students to collaborate. Communicating and socializing understanding solidifies the learning. Simply put, the one who is
doing the talking is doing the learning.
Which One Doesn’t Belong (wodb.ca): Consider the 4 images below; which one
doesn’t belong? Be prepared to justify your selection. In this task, students are presented
with images, equations, expressions, or graphs that are all related but arguably different. The
student has to identify and justify which one he/she feels is most unlike the others.

Good Wrong Answers: Knowing that
, identify a mistake a student
might make when subtracting. Be prepared to explain why the mistake was made. When I
started teaching, I always encouraged students to erase their mistakes and correct them.
Looking back, mistakes should be highlighted, as learning happens when mistakes occur. If
we continue to push students towards always being correct, both curiosity and the willingness to participate decrease. A simple modification of this task is to use a multiple-choice
question and have different groups describe why a choice is a good wrong answer
(distractor).
The goal is to engage all students in mathematics. The task you choose will set the
stage for learning for the remainder of the class. Regardless of that task, make sure it is selected with intention, engages all learners and has multiple ways for students to demonstrate
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success. In planning, take the time to anticipate misconceptions and be prepared to enhance
the task with questions that promote deeper thinking or, on the flip side, make sure you can
provide support when needed. Reflect back to the student in the initial scenario. How different would that math experience be if the opening task was to create and share a drawing
instead of producing homework and doing review problems?
*Note: I would like to thank Wilson High School students Sara Williamson, a junior, and
Arianna Papadakis, a senior, as contributing editors.

Daniel Kaufmann began his career teaching high school mathematics. For the
past several years he has served as the K–12 Mathematics Instructional Coach and
the 6–12 Mathematics Department Chair for the Wilson School District. Daniel’s
passion for instruction, assessment, effective technology integration, and leadership has given him the opportunity to present throughout the country and at conferences such as ISTE, PCTM, PETE&C, and NCTM. Daniel believes that all students deserve access to a challenging curriculum that will engage them in discourse, promote collaboration, and emphasize process over product. Outside of
the classroom, Daniel enjoys spending time with his family. They tent camp frequently throughout the Northeast. On rare occasions, you can find Daniel playing
disc golf at the local courses.
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Shining Light on Hidden Figures: Black Women in Mathematics
By Karen Walton
The Time magazine reviewer Stephanie Zacharek (2017) described the movie Hidden
Figures as “both a dazzling piece of entertainment and a window into history, [that] bucks
the trend of the boring-math-guy movie.” The PG-rated film grossed more than $200 million worldwide, and it was nominated for an Academy Award for Best Picture in 2017
(Finley, 2020). It was based on Margot Lee Shetterly’s book Hidden Figures: The American Dream and the Untold Story of the Black Women Mathematicians Who Helped Win the
Space Race. Shetterly felt compelled to “pull the curtain back on history . . . [and provide
insight] on how to get more women and minorities in[to] STEM” [Science, Technology,
Engineering, and Mathematics] (Carpenter, 2017).
Who were these “hidden figures?” What childhood and family experiences, education, mentors, role models, and career paths prepared them to make the United States #1 in
the Space Race against Russia? The purpose of this article is not only to shine light on these
three extraordinary African American women mathematicians, but also to highlight African
American women mathematicians who have not yet received the recognition they deserve.
These pioneers can encourage teachers and parents to serve as mentors and role models, enabling students of every race and gender to succeed in mathematics and to pursue bright
and fulfilling mathematics-related careers.
The movie Hidden Figures shines light on the overlooked contributions of three brilliant African American women mathematicians--Katherine Johnson, Dorothy Vaughan, and
Mary Jackson--who worked at NASA (National Aeronautics and Space Administration) as
“human computers.” Since the 1930s, white women calculated flight trajectories by hand
on large desktop mechanical calculating machines and plotted data at the Langley Research
Center in then-segregated Virginia (Berman, 2016). After President Franklin Roosevelt issued Executive Order 8802 in 1941, prohibiting discrimination based on race in the defense
industry, black women mathematicians were hired to work in a “Colored Computers” room
at Langley (Williams, 2018b, p. 67). Shetterly was asked the “million-dollar question” . . .
Why are we hearing about these heroes only now?” She replied, “I think there are a lot of
reasons . . . One is that a lot of the work that these women did, particularly during World
War II and the Cold War, was considered classified and secret” (Carroll, 2017).
Janelle Monáe, who loves space and portrays Mary Jackson in the movie, opined to
a Sunday Parade reporter, “When I heard that these three women were the reason why we
even made it out there [into space], you know, it was not their bodies, it was their brains. . .
. There’s a saying: ‘If we don’t see ourselves, how can we be it?’ I was heavily involved in
the arts . . . But I think I would have tried even harder in STEM had I known about these
women” (Carroll, 2017). When Taraji Henson, who plays Katherine Johnson, first read the
movie script, her “knee-jerk reaction was anger. ‘I was like, What?’ . . . I’m 46, I went to
college, and I don’t know this? . . . We need new heroes, and these women are new heroes
for us” (Berman, 2016).
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Encouraging Young Women of Color
In 1965, Dr. Etta Falconer began teaching mathematics at Spelman, an Historically
Black Colleges and Universities (HBCU) institution, where she encouraged young women
of color to study mathematics and pursue careers in mathematics-related fields. Dr. Falconer, the eleventh African American woman to earn a Ph.D. in mathematics, motivated her
students by naming three essential components for success: “high expectations, the building of self-confidence, and the creation of a nurturing environment” (Williams, 2018a).
Presidential Recognition of Hidden Figures
President Gerald Ford officially recognized Black History Month in 1976 to “seize the opportunity to honor the too-often neglected accomplishments of Black Americans in every
area of endeavor throughout our history” (Williams, 2018a, p. 119) Acknowledging that
women and minorities have been mathematically isolated historically, the National Association of Mathematics Program, the Enhancing Diversity in Graduate Education Program,
Math Alliance, and other organizations have encouraged the mathematical development of
under-represented groups by creating inclusive mathematical communities (Williams,
2018a). On November 8, 2019, President Donald Trump signed into law the Hidden Figures Congressional Gold Medal Act. The next day, a Congressional Gold Medal, the highest civilian award in the U.S., was presented by Congress “in recognition of all the women
who served as computers, mathematicians, and engineers in the National Advisory Committee for Aeronautics [NACA] and NASA between the 1930s and the 1970s” (Saxe,
2020).
Appeal for Unity and Mutual Respect
In a November/December 2016 Time article, Eliza Berman reported that when Katherine Johnson was promoted out of the Colored Computers department into the all-white
male NASA East Area Computing Unit, several times a day she had to run a half mile to
the “colored ladies” restroom. She took with her piles of calculations so as not to waste
time. The movie presents her trips in high heels in the rain in a comical way, but the reality
was insulting and demeaning. As a black and a woman, Johnson was a double threat to the
egos of her white male coworkers (Zacharek, 2017). Taraji Henson regards the story as “an
appeal for unity and mutual respect: ‘You’re in a war, you’re fighting with a soldier, and he
saves your life. Do you give a damn what color he is? What bible he reads?’” (Berman,
2016). In 2008, Katherine Johnson recalled that “My dad taught us, ‘You are as good as anybody in this town, but you’re no better. . . . I don’t have a feeling of inferiority. Never had.
I’m as good as anybody, but not better” (Finley, 2020). What childhood and family experiences, education, mentors, role models, and career paths prepared these “hidden figures”
for their NASA jobs?
Katherine Johnson
Katherine Johnson (née Coleman) was born in White Sulphur Springs, West Virginia,
on August 26, 1918, the youngest of four children, to a mother who was a teacher and a father who was a farmer, lumberman, and handyman. Her innate curiosity and mathematical
talent were apparent as she “counted everything . . . the steps to the road, the steps up to
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church, the number of dishes and silverware I washed . . . anything that could be counted” (Williams, 2018b, p. 71). Since White Silver Springs’ school for black children ended
before high school, the family moved to Institute, West Virginia, about 125 miles away.
Katherine entered high school at age ten, and at fifteen she enrolled in West Virginia State
College, an HBCU institution, on a full academic scholarship (Jones, 2019, p. 64). William
W. Schieffelin Claytor, the third African American to earn a Ph.D. in mathematics, became
Katherine’s mentor and predicted that she would become a great mathematician. He guided
Katherine along that career path by creating, just for her, a course on the analytic geometry
of space. Looking back on her life, Katherine stated, “Many professors tell you that you’d
be good at this or that, but they don’t always help you with that career path. Professor Claytor made sure I was prepared to be a research mathematician.” At the age of eighteen, Katherine graduated from college summa cum laude with bachelor’s degrees in mathematics and
French (Williams, 2018b, p. 71). After teaching mathematics at an African American public
school for two years, Katherine was selected by Dr. John W. Davis, the president of West
Virginia University, to be one of three black students, and the only woman, to integrate its
graduate school. Katherine’s admittance was made possible by the 1938 U.S. Supreme
Court ruling in Missouri ex rel. Gaines v. Canada requiring states that provide higher education to white students also provide it to black students (Shetterly, 2016a, p. 75). Katherine
left graduate school without a degree to start a family with her husband, James Goble, a
high school chemistry teacher (Jones, 2019, p. 65), and raise their three daughters. In 1953
Katherine’s family moved to Hampton, Virginia, so she could join the NACA “pool” of female “colored computers.” Her vast knowledge of analytic geometry enabled Katherine to
analyze data from flight tests and to investigate a plane crash caused by wake turbulence.
She was assigned to the Maneuver Loads Branch of the all-male Flight Research Division,
where she was allowed to attend editorial meetings, even though it was taboo for women to
do so at that time. Unfortunately, her husband died of a brain tumor in 1956 (Jones, 2019, p.
16). Three years later Katherine married Colonel James A. Johnson, a Korean War veteran
(Williams, 2018b, p. 73).
Katherine Johnson was largely responsible for the success of John Glenn’s 1962 flight
as the first American to orbit the Earth. He refused to board the Friendship 7 space capsule
until Katherine double-checked a nascent IBM computer’s numbers on her mechanical calculating machine (Finley, 2020). Glenn said, “If she says they’re good, then I’m ready to
go” (Shetterly, 2020). Johnson also helped calculate the trajectory for the 1969 Apollo 11
spaceflight (Williams, 2018b, p. 73), the first to land a human on the moon.
In 1986, after thirty-three years of service, Johnson retired from Langley. Although she
hadn’t completed a doctoral degree, she was awarded honorary doctorates from The State
University of New York, Capitol College, Old Dominion University, Spellman College
(Jones, 2019, p. 65), and the University of Johannesburg. When President Barack Obama
presented Johnson the Presidential Medal of Freedom in 2015, he named her “a pioneer who
broke the barriers of race and gender, showing generations of young people that everyone
can excel in math and science” (Williams, 2018b, p. 75). On December 9, 2019, Johnson
was awarded a Congressional Gold Medal in recognition of her service to the U.S. as a
mathematician (Saxe, 2020). Katherine Johnson died at the age of 101 on February 24,
2020, in Newport News, Virginia. Proud of portraying her in Hidden Figures, Taraji Henson
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acknowledged Johnson’s “intelligence, poise, grace, and beauty,” saying “Because of your
hard work, little girls everywhere can dream as big as the moon” (McNiece, 2020).
Dorothy Vaughan
Dorothy Vaughan (née Johnson) was born on September 20, 1910, in Kansas City,
Missouri. After graduating as class valedictorian from segregated Beechurst High School in
Morgantown, West Virginia, at the age of fourteen, Dorothy entered Wilberforce University
in Ohio, the nation’s oldest private historically black institution, on a full scholarship. A professor recognized her academic potential and advised Dorothy to enter the graduate mathematics program at Howard University in Washington, DC, another HBCU institution.
Vaughan completed a bachelor’s degree in mathematics at the beginning of the Great Depression. Her family’s bleak financial situation prevented her from attending graduate
school, so she taught mathematics for eleven years at segregated Robert Russa Morton High
School in Farmville, Virginia. During that period, Dorothy married Howard Vaughan, Jr., a
bellman who worked at luxury hotels in Florida in the winter and in upstate New York and
Vermont in the summer (Shetterly, 2016b, p. 22). In 1943, the family, with six children,
moved to Newport News, Virginia, for Dorothy to work as a mathematician at NACA. Although President Franklin Roosevelt’s 1941 executive order prohibited racial discrimination
in the defense industry, Jim Crow state and local laws were still in place. They required separate work, bathroom, and eating spaces, so Vaughan worked with the black computers in the
segregated West Area Computing unit. Williams (2018b, p. 67) reports, “In 1940, just 2 percent of all black women earned college degrees, and 60 percent of those women became
teachers, mostly in public elementary and high schools. Exactly zero percent of those 1940
college graduates became engineers.” Vaughan became a mathematical engineer, and in 1948
she was promoted to head of Langley’s West Area Computers unit, becoming NACA’s first
African American woman supervisor (Williams, 2018b, pp. 67-68). When NACA became
NASA in 1958, all segregated facilities were abolished. Vaughan joined the new Analysis
and Computation Division, a racially integrated group of men and women who were “on the
frontier of electronic computing.” She became an expert Fortran programmer and calculated
the trajectory of the 1961 Freedom 7 flight that made Alan Shepard the first American in
space. She also calculated the trajectory for the Apollo 11 flight to the moon in 1969. Dorothy Vaughan died on November 10, 2008, in Hampton, VA. In her 2018 book, Power in
Numbers: The Rebel Women of Mathematics, Talithia Williams, Ph.D., states that
“Vaughan’s achievements at NASA paved the way for second-generation African American
and female mathematicians and engineers” (Williams, 2018b, p. 68). On November 9, 2019,
Dorothy Vaughan was awarded, posthumously, a Congressional Gold Medal, in recognition
of her service to the U.S. during the Space Race (Saxe, 2020).
Mary Jackson
Mary Jackson (née Winston) was born on April 9, 1921, in Hampton, Virginia. After
graduating with highest honors from all-black Phenix High School, Jackson enrolled at
Hampton Institute, her parents’ alma mater. Unlike most of her female classmates who studied home economics and nursing, Jackson earned two bachelor’s degrees, in mathematics
and physical science. After teaching mathematics at a black high school in Maryland for a
PCTM Magazine
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year, she worked as a secretary and bookkeeper for Hampton’s King Street United Services Organization (USO), a non-profit club for black military personnel during World War
II. The job deepened her connection with the community, and she married Levi Jackson, a
painter at Langley Field, a pioneering military air strip in Hampton. After the war ended,
the USO closed, and Mary was unemployed (Jones, 2019, p. 60). She was adamant about
their first child, Levi Jr., taking the most difficult mathematics and science classes he could
handle. She and Levi Jr. designed and built a motorless soap box car, which met the requirements of maximum length of 80 inches and total cost not exceeding $10, exclusive of
the wheels and axles. Levi Jr. became the first black winner of Hampton area’s annual
Soap Box Derby, and Mary beamed with pride when Levi was awarded the championship
trophy. When a Norfolk Journal and Guide reporter asked Levi what he wanted to be
when he grew up, Levi replied, “I want to be an engineer like my mother (Shetterly,
2016b, pp. 154-158).
As a pillar in her community, a faithful member of the African American Episcopal
Church, and a longtime Girls Scout leader, Jackson showed girls, especially black girls,
including her daughter, what they were capable of, and that they shouldn’t let anything
hold them back. She encouraged all students to consider science and engineering as careers, tutoring them in mathematics and science, and in her after-school science club
(Jones, 2019, p. 60).
Mary was hired in 1951 as a “computer” at NACA’s Langley Memorial Aeronautical Laboratory. As a research mathematician, Mary was assigned to the Supersonic Pressure Tunnel, followed by work with all-male flight engineers in the Compressibility Research Division. When NACA became NASA in 1958, Mary wanted to be an aerospace
engineer, but she needed training which was offered at the all-white Hampton High
School. After receiving special permission to attend the classes there, Jackson became
NASA’s first black female engineer. As the author or coauthor of 12 technical research
papers at NACA and NASA, Jackson told an Ebony Magazine reporter, “I’ve always liked
math,” and that is what brought her to NASA. After reaching the highest possible level of
engineering and being denied promotion to a management position, after 34 years at
NASA, Jackson accepted a demotion to become manager of the women’s program at
NASA headquarters in Washington, DC. Jackson returned to Langley in 1979 and served
as its Federal Women’s Project Manager, advising women and minorities to complete additional training to qualify them for career promotions at NASA, until her retirement in
1985. Mary Jackson died on February 11, 2005, in Hampton (Jones, 2019, p. 61). On November 9, 2019, Mary Jackson was awarded a Congressional Gold Medal, posthumously,
in recognition of her service to the U.S. during the Space Race (Saxe, 2020).
Honoring Other African American Women Mathematicians
Shelly M. Jones, Ph.D., an African American mathematics educator, spent her career
helping students observe the structure of mathematics and having them recognize patterns
to see “the beauty of mathematics and its relevance.” Dr. Jones was inspired by the book
and movie Hidden Figures, and in 2019 she wrote the book Women Who Count: Honoring
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African American Women Mathematicians. Her goal was to shine bright light on other admirable hidden figures. She highlighted 29 extraordinary African American women who
had earned at least one degree in mathematics, and who subsequently used mathematics in
their careers. Jones expressed concern that many children from underrepresented groups
don’t see themselves as mathematicians, partly because they are “not exposed to mathematicians that look like them.” Jones encourages teachers and parents to be supportive of all
students as they study mathematics and to provide positive role models who have been successful in STEM-related careers (Jones, 2019, pp. xi-xii).
Shetterly’s book, Hidden Figures, is listed in the References in both its Young Readers’ Edition (ages 8 – 12) and regular edition. The References include URLs of NASA biographies of Katherine Johnson, Dorothy Vaughan, and Mary Jackson, and their biographies are also available at the Britannica Online Encyclopedia website at https://
www.britannica.com/
Shetterly remarked that “The wonderful gift that Katherine Johnson gave us is that
her story shined a light on the stories of so many other people . . . She gave us a new way to
look at black history, women’s history, and American history (Finley, 2020).
Suggested Questions for Classroom Discussion and Research
1. What is a mentor? What is a role model? Can the same person be both a mentor and a
role model? Must the mentor or role model be of the same race and gender as the student?
2. Name at least ten STEM majors offered by colleges.
3. Name at least ten STEM-related careers.
4. Why is it important to have people of all races and genders in STEM?
Students Shining Light on Other Hidden Figures
The biographies of many admirable women and men who mentor young people and
are positive role models in STEM-related careers are available at the “Mathematically Gifted & Black” website https://mathematicallygiftedandblack.com/honorees/
Teachers on any grade level could ask each student to identify a person who has a
STEM-related career. The “hero” could be a teacher, parent, relative, or other appropriate
person identified using a computer search. The student could then write a biography about
the hero’s childhood and family experiences, education, mentor, role model, and STEMrelated career. The assignment can be made appropriate for the student’s grade level and for
in-classroom, hybrid, or online classes. The teacher could expand the assignment to include
the student’s in-class or virtual presentation of the biography.
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Karen Doyle Walton, Professor Emerita of
Mathematics, has degrees in mathematics
from Vassar, Harvard, and the University of
Pittsburgh and a doctorate in higher education from Lehigh University. For 25 years
she was Provost and Vice President for Academic Affairs at DeSales University in Center
Valley, PA. She was quizmaster for 700
“Scholastic Scrimmage” shows on PBS69
television and wrote all the mathematics
questions. Dr. Walton has published 40+ articles about mathematics; higher education
administration; and encouraging all students,
especially girls and minorities, in STEM subjects.

Congratulations
Mrs. Lori Noyes 3rd grade teacher at Blue Ball Elementary School in Lancaster, will receive the New Attendee
Scholarship for our 2021 conference.
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Building Equity in the Classroom through Questioning and Discussion
By Lorraine Harmer
Equity in education encompasses the concepts of fairness and equality. Striving for
equity challenges teachers to turn a critical eye to the instructional practices and methods
they use in the classroom. Through a lens of equity, teachers must consider whether every
student has a voice in the classroom and if every voice is represented throughout the learning
process.
In today’s classrooms, students also need ample opportunity for collaboration, critical thinking, communication, and creativity. In fact, the Partnership for 21st Century
Learning, define the aforementioned set of skills as the “4 C’s of a 21st-Century learner” (Osborne, 2018).
How can teachers implement all of the above while carrying out their teaching responsibilities? Is there a specific instructional strategy teachers can deploy? The Danielson
Framework for Teaching, developed by Charlotte Danielson to identify the aspects of a
teacher’s responsibilities that promote improved student learning, is utilized across the Commonwealth of Pennsylvania to evaluate educators. The Framework for Teaching Evaluation
Instrument (2011) states, in part, “Questioning and discussion are the only instructional strategies specifically referred to in the Framework for Teaching; this reflects their central importance to teachers’ practice.” To reiterate, the only instructional strategies identified within
the framework are questioning and discussion.
Moreover, “Effective questioning and discussion techniques lead to animated class
discussions that engage all students in considering important issues and in using their own
language to deepen and extend their understanding. Discussions may be based around questions formulated by the students themselves” (The Framework for Teaching Evaluation Instrument, 2011).
Thankfully, there is a simple yet powerful strategy teachers can use in the classroom; a
strategy that does lead to animated class discussions engaging all students, wherein students
do use their own language and formulate their own questions. This proven strategy provides
opportunity for every student to have a voice in the process and requires students to effectively collaborate, communicate, be creative, and think critically.

The Question Formulation Technique (QFT), created by the Right Question Institute,
is an easy to implement, step-by-step process that “helps all people create, work with, and
use their own questions — building skills for lifelong learning, self-advocacy, and democratic action…” and “has found fans and supporters among organizations such as the National
Science Foundation, the Library of Congress, Google, and Microsoft” (Right Question Institute, 2021).
On August 5, 2021, attendees at PCTM’s 2021 Annual Conference may choose to experience this simple yet powerful strategy first-hand. During a session led by field expert
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Lorraine Harmer, participants will experience the rigor of the QFT process, fostering a confidence in teachers to facilitate the QFT in any setting – including in any math classroom!
Can’t wait until August to learn more about the Question Formulation Technique ?
Check out:
•

A brief introductory video, The Question Formulation Technique in 90 Seconds by inquirEd, at https://youtu.be/04cHyeUVuKg;

•

The Right Question Institute’s website at https://rightquestion.org/;

•

Read Make Just One Change: Teach Students to Ask Their Own Questions by Dan Rothstein and Luz Santana, available on Amazon.

•

First Day of School: Using the QFT in AP and Honors Calculus - Right Question Institute
Register for PCTM’s 2021 Annual Conference at https://pctm.org/2021-conference/.
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When the Children Teach Us
By Valerie N Long
Often in a long teaching career appears a student who reminds us why we became
a teacher. These are the students who teach us more than we teach them. We talk about
these students with our colleagues as we recall lessons learned through the time we spent
with them. These students remain in our heart long after the echoes of their laughter
have faded from the classroom. For me, Sara was such a student.
I was part of an administration team at a private school when I met Sara. She was
starting the 2nd grade in the fall and was taking placement testing during the summer.
One of my roles in this administration team was to review all incoming students’ files
and math testing so I could place them in mathematics classes.
I remember Sara skipping down the hallway from the admissions office to the
waiting room where she found her mom. After taking a three-hour reading and mathematics achievement test, the energy, the light in her eyes, and the bright smile on her
face surprised me. Most students were mentally exhausted after a long test, but not Sara.
While chatting with Sara’s mom, I mentioned my surprise about Sara’s energy. Her
mom shared that she was excited to be at a new school. Sara was diagnosed with speech
and language impairments and attention deficit hyperactivity disorder (ADHD), which
made learning in a regular classroom difficult. I worked with many students with a similar diagnosis. What I did not know at the time is that Sara would be one of those students
I would learn so much from. My hope is this article helps other educators learn what
Sara taught me, how to identify the mathematical challenges that pervade our young
learners and the resources available to do so.
While Sara was diagnosed with language impairments, her difficulties for mathematics stemmed from a lack of number sense. “Number sense entails an ability to immediately identify the numerical value associated with small quantities (many teachers
know this as subitizing), a facility with basic counting skills, and a proficiency in approximating the magnitudes of small numbers of objects and simple numerical operations” (National Mathematics Advisory Panel, 2008, p. 55). This definition of number
sense is simple and reveals four key elements necessary for a student’s mathematical
foundation. I used these elements to identify Sara’s need for number sense.

Sara’s shortfalls with number sense were not initially obvious. She made small
but meaningful gains on her math achievement testing on Connolly’s (2007) KeyMath-3
Diagnostic Assessment throughout her second-grade year, see Table 1.
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Table 1. KeyMath-3 Achievement Testing
Sara’s Grade LevKeyMath-3 End of School
el
Year Achievement Scores
Grade Equivalent K.7
(K.7 means a student scored
1st
as many problems correct as
a kindergartener in their 7th
month of school)
Grade Equivalent 1.3
(1.3 means a student scored
2nd
as many problems correct as
a first grader in their 3rd
month of school)
About three months into Sara’s 3rd grade year her math teacher asked to meet with
me to discuss concerns. She explained that Sara struggled with number concepts and operations that most of her other students did not. Sara’s teacher was particularly worried about
a lack of understanding for place value of small two-digit numbers and how she was not
consistently counting on for simple basic addition facts like 5 + 3, a major landmark in
counting skills. We both knew Sara worked with these concepts as a 2nd grader. A couple of
months later, Sara’s midyear math achievement scores on the KeyMath-3 confirmed she
was not making gains. Because I knew number sense included abilities with counting and
with simple numerical operations, then I suspected Sara’s challenges with math stemmed
from number sense.
Due to the conversation with Sara’s math teacher and the lack of gains from the midyear math testing, I analyzed different administrations of the testing to determine if my suspicions were correct. I analyzed test items from the number concepts subtest in the
KeyMath-3 using four different sets of testing from the start of 2nd through the middle of
3rd grade. I found Sara was not consistently correct for test items concerning counting within 10, determining how many more objects to make 10, and ordering numbers within 10.
The lack of consistency in the answers from Sara’s testing led me to conducting a series of
diagnostic interviews over the course of a few weeks related to early number sense using
two different commercially available assessments and my own tasks. One was Jordan and
Glutting’s (2012) Number Sense Screener (NSS). The second was Berninger’s (2007) Process Assessment of the Learner 2nd Edition Diagnostics for Math (PAL II Math). The NSS
allowed me to evaluate Sara’s math ability for three of the four elements from the National
Mathematics Advisory Panel’s definition of number sense: 1) subitizing the numerical value associated with small quantities, 2) approximate the magnitudes of small numbers of objects, and 3) perform simple numerical operations. The PAL II MATH’s subtest for counting measured Sara’s ability for the fourth key element, a facility with counting. I also created my own tasks to measure Sara’s ability to subitize and to discern numerical magnitude.
While conducting these interviews with Sara, I was also reading and learning from
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Number Sense and Number Nonsense (Krasa & Shunkwiler, 2009). This book is a metaanalysis of research, classroom implications, and student case study illustrations of how
the mind works during the many complex components of math learning. “Most, but not
all, children bring an intuitive quantitative sense with them to their first day of kindergarten” (p. 25). I wondered whether Sara had this intuitive quantitative sense on her first day
of school and whether her language and speech impairments and ADHD impacted her
mathematical development. While I am not a clinical psychologist trained to evaluate
cognitive challenges with children, as a mathematics educator with more than 20 years of
classroom experience, I believe language and attention plays a vital role in learning mathematics.
At the end of the diagnostic interviews, I found Sara’s number sense abilities were
absent or not consistent for three out of the four key elements from National Mathematics
Advisory Panel’s definition of number sense. Below is a discussion of Sara’s work from
the NSS, PAL II MATH, and my own tasks. The discussion concludes with an intervention based my findings from these interviews.
I attempted to make the testing environment free from distractions as I knew noise
easily drew Sara’s attention and focus away from any task. I also gave her breaks every
10 to 15 minutes where she could walk to get a drink of water or run in the gym or outside, as children with ADHD need time to expend built up energy.
To measure Sara’s ability for the first number sense element, subitizing, I started
with the NSS test. Various problems on the test allowed me present Sara with a picture or
collection of objects for two seconds representing small quantities less than five. While
she could state how many were there within two seconds, I was not sure if she was counting to tell me the amount in a picture or a collection. Therefore, for my own task I chose
to reduce the amount of time to less than one second. I explained the task to Sara by saying “I am going to flash you a card with some dots on it and I want you to tell me how
many total dots you see.” See Figure 1 for a sample of the cards I used for my subitizing
task.
Figure 1. Sample Subitizing Cards

Sara was successful for subitizing quantities through five when the environment
was free from distractions. During one of the subitizing tasks for the number three, a conversation between two teachers began outside the closed door where we were working.
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For a dot card that represented “three”, Sara could not hold onto how many were on the
card or for a subsequent card showing “five”. We stopped the test for that day. When we
returned to the subitizing assessment on a different day and there were no distractions, Sara
was successful. Focusing and remembering information that is presented in a short amount
of time when distractions are present is a challenge for students like Sara. It seemed like
the auditory distractions impacted her capacity to truly show she could subitize. What’s
more, this instance was probably indicative of what happened again and again when Sara
was trying to learn something in a classroom full of students where there are endless distractions.
For the second number sense element, approximating the size of a number of objects
(magnitude), I used NSS’s number comparison subtest and my own tasks. This was not a
direct test measuring Sara’s ability to estimate the size of a pile of objects. I decided it was
close enough and I would add my own tasks to clarify Sara’s ability. For NSS’s number
comparison subtest, Sara was slow to respond but correctly compared one-digit numbers in
their abstract form (Which is bigger, five or four?). Again, she was slow to respond but
could say what number comes after 7. When I asked what number comes two numbers after 7 she responded “10”. I then turned Sara’s attention to questions I created to measure a
student’s understanding magnitude. Because the NSS number comparison test strictly
worked with abstract numbers, I wanted to understand if Sara could approximate the size
of a number of concrete objects, not just numbers in their abstract form. I made two piles
of objects where one pile was obviously larger than another (one pile had 5 objects and the
other had 9). I then asked Sara “Without counting, which pile has more?” Again, she was
slow to respond. At this point, I noticed she bobbed her head while thinking. When she told
me that the pile with 9 was larger, I asked her if she counted, and she said yes. I also asked
her if she was counting on the other problems – which is bigger, four or three? - and she
said yes. For the pile of objects that had 9 objects, I explained I wanted her to tell me about
how many objects, altogether, are in a pile. I then showed her the pile for one second, then
covered the pile with a piece of paper. She was slow to respond but after a few seconds she
said 25. Her answer was shocking since it was very large in comparison to the 9 that were
actually there. Approximating the size of a number of objects was the first element of number sense I found Sara struggled with.
The third number sense element, simple numerical addition and subtraction
calculations was evaluated with NSS’s nonverbal calculation subtest and word problems
subtest. For the nonverbal calculations, Sara was initially shown two counters. I then
placed them under a sheet of paper. Next, I placed one more counter under the paper and
asked Sara how many counters where under the paper. She was successful with this problem and also for a problem that represented 4 + 3. However, she was not successful for
problems that represented 3 + 2 and 3 – 1. For the word problems subtest, I read the problem to her and she could draw or write down whatever she wanted to help her solve the
problem. The first problem was “Jill has 2 pennies. Jim gave her 1 more penny. How many
pennies does Jill have now? Sara drew 2 circles then erased one of the circles and said
“one”. Sara was not successful for the other two, word problems. Simple numerical calculations was another number sense element Sara was missing.
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To measure the fourth element of number sense, a facility with counting, I
used the PAL II Math. Table 1 shows Sara’s responses to select counting tasks. Sara was
able to count forward until 59 but seemed to lose her way immediately afterwards. Counting on from a given number within 20 was not an issue, though her math teacher reported
this was a concern. When Sara counted backwards from 20, she omitted the numbers 19
through 12. For typical skip counting tasks, Sara was able to fluently count forward by 5’s
but struggled to skip count by 2’s.
Table 2. Sara’s Responses to Counting Tasks
Counting Task
Sara’s Response
Forward by 1’s, starting at 1 1, 2, 3, ...57, 58, 59, 30, 31, 32, ...
Forward by 1’s, starting at
11, 12, 13, 14...20
11
Backward by 1’s
20, 11, 10, 9, 8, 7, 6, ...1
Count forward by 2’s
10, 12, 2, 4, 6, 8, 10, 13, 15, 18,
19, 20
Count forward by 5’s
5, 10, 15, 20, 25, 30, 35, 40, 55,
60
While Sara was able to count on from 11 in PAL II MATH’s counting assessment, a
missing number task I created demonstrated significant issues with counting on. My intent on giving Sara this evaluation was to measure numerical magnitude in a different
way than the NSS’s number comparison and those I created. For the missing number
problems in Figure 2, I showed Sara one problem at a time and asked her to fill in the
number that would go in the missing blank.
Figure 2. Missing Number Evaluation
14 ___

16

___ 12

13

26 ___

28

___ 35

36

She was slow to respond to each question and I noticed before she wrote down an
answer, she bobbed her head or she tapped her pencil. For the problem _____ 35 36, I
asked Sara to say out loud how she was figuring out the number that went in the blank.
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She said, “31, 32, 33, 34, then I write 34”. It was at this moment, I remembered reading in
Number Sense and Number Non-Sense (2009) the importance of solid verbal counting skills
for mathematics. “A child’s first lesson in mathematical language is learning how to count the bedrock of conventional mathematics. Like any linguistic task, counting depends on solid verbal skills learned informally in a language-rich environment, as well as on adequate
auditory processing and speech” (p. 68). I felt like I found the answer. Namely, that the verbal skills Sara needed to learn to meaningfully count were hampered by the speech and language issues she was born with. I recall thinking, “No wonder, mathematics is a challenge
for Sara. She cannot fluently count. And more than likely her diagnosis has contributed significantly to her ability to do so.” It was if pre-kindergarten and kindergarten - with its
heavy emphasis on developing fluency with counting - NEVER happened for Sara. I felt
like I finally understood the problem with Sara’s number sense. If Sara continued to work
on math content where counting was a foundational skill (e.g. addition or subtraction), then
Sara would continue to not make gains in math.
Now that I understood the problem, I needed to craft an intervention with a good
chance Sara was going to make gains. Thankfully, within the school where I worked the administration was supportive and there were several talented, highly trained (approximately
80 hours of math methods) early childhood math teachers. Sara was provided a one-on-one
mathematics teacher starting at the beginning of her 4th grade year, who worked with her 5
days a week, for one hour each day. The teacher and I developed a plan for Sara before the
onset of the school year. The overall plan was to begin with math content from prekindergarten and kindergarten and meet monthly to assess Sara’s progress. To develop the
prekindergarten and kindergarten math content, I encouraged a heavy emphasis on counting;
using hands-on materials (e.g. unifix cubes) to measure distances; walking on large number
lines so she could practice counting; and solving simple word problems that developed the
structure of addition and subtraction. For geometry, when Sara was learning to identify
shapes, decompose and compose shapes, compare attributes of shapes, or sorting shapes,
there was always a connection to counting (e.g. counting corners, counting angles, counting
the number of shapes that cover the two-dimensional shape). Sara’s other teachers were encouraged to help. They would have Sara count frequently, measure the length of objects in
science class with a handmade ruler, and use math vocabulary often (location words [e.g.
above or below]; quantity words [e.g. more or less]; words that describe length [e.g. short or
long)). Mid-year KeyMath-3 achievement testing and class observations showed Sara made
significant progress. Due to this progress, Sara’s teacher and I choose to move to first and
second grade math content during the second half of the school year. The end of the year
KeyMath-3 achievement testing showed significant results when compared to the year prior,
see Table 3.
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Table 3. KeyMath-3 Achievement Testing
Sara’s Grade LevKeyMath-3 End of School
el
Year Achievement Scores
Grade Equivalent 1.3
(1.3 means a student scored
rd
3
as many problems correct as
a first grader in their 3rd
month of school)
Grade Equivalent 4.0
(4.0 means a student scored
4th
as many problems correct as
a fourth grader at start of
school year)
Sara’s parents, teachers, and I were overjoyed with the results. While Sara never
saw her KeyMath-3 achievement testing results because we believed it was not appropriate to share these with young students, Sara herself was very, very proud of her progress.
She knew she made great strides over the course of one year and ALL of the hard work
paid off.
As I have reflected over my time spent working with Sara, I realize the lessons I
learned from her changed me. She pervades my lessons with teachers. I remember her as I
teach about early number concepts with my students who are studying to be teachers. Because of Sara, I tell her story to these students when I emphasize the importance of meaningfully learning to count and how to identify when a child may be struggling with this
skill. I remember Sara when a practicing teacher despairs about their special needs students never getting it. I talk to my practicing teachers about how Sara overcame her mathematical challenges, but I don’t sugar coat the truth and say that it was easy. I share with
my practicing teachers how I used different resources to help her. I remember Sara as I encourage them to seek out and use these same ideas and resources to help their students.
These resources include:
•
•
•
•
•
•
•

Analyzing the items on math achievement tests.
Conducting diagnostics interviews.
Jordan, Glutting, and Dyson’s (2012) Number Sense Screener for K-1st grade
(NSS).
Berninger’s (2001) Process assessment of the Learner: Diagnostics for Math.
Krasa and Shunkwiler’s (2009) Number Sense and Number NonSense.
The school or district level educational psychologist and speech language therapists.
The school or district level math coach or curriculum specialist.

And I remember Sara when I reread Number Sense and Number NonSense and discuss ideas from the book with fellow math education colleagues. Because of Sara, I can
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discuss the extent to which learning the rules governing counting develops because of
the abundance of experiences at home and in preschool and requires the ability to fluently integrate tracking, pointing, and speaking. I am forever grateful for the time I
spent with Sara and the lessons she taught me.
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Spring 2021 PCTM Election Nominations
Delegate at Large
Daniel Kaufmann - K–12 Mathematics Instructional Coach and the 6–12 Mathematics Department Chair for the Wilson School District
Robert Baier – IU #1 Math Curriculum Specialist, Coal Center, PA

Western Regional Representative
Joelle Cooper – Avella High School, Avella, PA

Central Regional Representative
Jessica Hammaker – 3rd grade Teacher, East Hanover Elementary, Grantville, PA
Shannon Wenger – Lamberton Middle School, Carlisle, PA

Eastern Regional Representative
Lisa Allen – Saucon Valley High School, Hellertown, PA

Secretary
Marian Avery – Retired, Great Valley High School
The elections will be held later this Spring. Please watch your in-box for election information.
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Call for Manuscripts—Equity in Mathematics
We are continuing our theme of Equity on Mathematics as we approach what is hoped
to be a very successful virtual conference on this topic on August 5th, 2021. We are
asking for submissions to share with our readers examples of work you do to create,
support, and sustain a culture of access and equity in the teaching and learning
of mathematics? The pieces can be a full article, or you are free to submit short classroom ready activities with a brief overview.
The deadline for submission is August 15, 2021.
Author Guidelines
Manuscript Format: Manuscripts should be double-spaced, with 1-inch margins on
all sides, typed in 12-point font and follow the APA 6th Edition style guide. Manuscripts should be submitted in Microsoft Word. If you have a picture or graphic in the
text, please include the original picture(s) in a separate file. A cover letter containing
author’s name, address, affiliations, phone, e-mail address, and the article’s intended
audience should be included in the e-mail.
Manuscript Submission: Manuscripts should be submitted electronically as an e-mail
attachment to pctm.editor@gmail.com. Receipt of manuscripts will be acknowledged.
After review by the editors, authors will be notified of a publication decision.
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